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Polyominoes

Polyomino or Lattice animal: a connected union of cells on a lattice.

¥ one source cell
®m all other cells are reachable from the source via a directed path
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Enumeration of lattice animals

Klarner’s growth constant p := lim,, . ar/"

M Unrestricted
lattice animals

3.9301 4.649551

[Barequet, Moffie, Ribo & Rote, 2006] § [Klarner & Rivest, 1973]
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Enumeration of lattice animals

Klarner’s growth constant p := lim,, . ar/"

[Dhar, 1982]

Directed animals

[Bui, 2026]

4.00253 4.5238
M 3.9 Unrestricted
3 lattice animals
3.9801 4.649551

[Barequet, Moffie, Ribo & Rote, 2006] § [Klarner & Rivest, 1973]

Stacked directed animals

[Bousquet-Mélou & Rechnitzer, 2002]
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Lattice paths with catastrophes

S—={1,-1) /\/\/\/\
S =1{1,0,-1} /—M‘
S:{I,O,—l,C}W

Catastrophe: A step, allowed at any height, that takes the path down to the z-axis

[Banderier & Wallner, 2017]
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Lattice paths with catastrophes

Motzkin paths
| S={1,0,—-1,C}
with catastrophes

Constraints:

ending anywhere

ending at zero

unconstrained (on Z)

constrained (on Z. )

meander

excursion
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Generating functions of lattice paths with catastrophes

Theorem [Banderier & Wallner, 2017]
The generating function C(z,u) of meanders with catastrophes is algebraic and
satisfies
1 ; — u;
C(Z,U) _ ) szl(u U (Z))’
1—2z-M(z,1) u¢(l—zP(u))
where

M (z,u) is the generating function of classical meanders and

Ui, ...,Uu. are the small roots and vq,...,v4 the large roots of the kernel
equation.

In particular, the generating function E(z) of excursions with catastrophes satisfies

I G O M | PR 71 )
Bz) = 1—z-M(z,1)  zp_.
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Heaps of dimers

[Viennot, 1985]

Drop a finite number of dimers towards the x-axis until each dimer
either touches the x-axis or another dimer.
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Heaps of dimers

[Viennot, 1985]

Drop a finite number of dimers towards the x-axis until each dimer
either touches the x-axis or another dimer.

*~—o . o9 =9 *—9
. =9 =9 *~—o R _X_ 1

O 3 ot

projection on the z- no two dimers on only one minimal
axis is connected top of each other dimer
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Heaps of dimers

Definition [Viennot, 1985]

Drop a finite number of dimers towards the x-axis until each dimer
either touches the z-axis or another dimer.

Connected heap Strict heap Pyramid Half-pyramid
o—9 o9 00— o—9 o9 00—
o9  0—0 o9 o9  0—0 o9
o9 00— o9 00— o—9 o9 00—
o—9 o—9 o9 00— o—9
o9 00 o9 00 o9 o9
projection on the z- no two dimers on only one minimal no dimer right of
axis is connected top of each other dimer minimal dimer
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Viennot's bijection [Viennot, 1985]

Directed animals on the square grid correspond to strict pyramids:
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Viennot's bijection [Viennot, 1985]

Directed animals on the square grid correspond to strict pyramids:
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Viennot's bijection [Viennot, 1985]

Directed animals on the square grid correspond to strict pyramids:
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Extension to general lattice animals

|||||||||

||||||||||

|||||||||

EEIERE (XX

llllllll

||||||||||

[Bousquet-Mélou & Rechnitzer, 2002]
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Extension to general lattice animals

Rotate by 45 degrees
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Reversing the procedure

B Every square lattice animal maps to a connected heap
B Not every connected heap is the image of a square lattice animal!
B But every strict connected heap is the image of a square lattice animal!

o—9

o—9
o—9 o—9
o9  0—9

o9 o9
Start with a strict,

connected heap H
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Start with a strict,
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Rotate by 45
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Not a lattice animal anymore!
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Stacked directed animals

Sy,
|

Multi-directed animals
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Stacked directed animals

| Comectedbess  Stckedpyamids
A\ V\%
! !

Multi-directed animals D Stacked directed animals
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Stacked directed animals. Example

Connected heap Stacked pyramids
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Half-pyramids = Motzkin excursions

Note the structurally equivalent symbolic descriptions:

Half-pyramids
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Pyramids = Motzkin excursions with catastrophes only at the x-axis

Py r a m i d S ......................
P
:

[Bousquet-Mélou & Rechnitzer, 2002]

Motzkin excursion with catastrophes at the x-axis
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Stacked directed animals = Motzkin excursions with catastrophes

Stacked pyramids

H

112
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Bijection. Example

| o
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Bijection. Example

oy

18;;
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Bijection. Example
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Bijection. Example

o—_9

17 / 23



How does an average stacked directed animal look like?

Motzkin excursion with catastrophes and stacked pyramid

Motzkin excursion with catastrophes (length 200)

.
6 -
5 -
= 4]
5
r— 3 _
2
2 -
N f\/\/\ A
D_ « —_— —
T T T T T T T T T T T
0 20 40 60 80 100 120 140 160 180 200
X
Stacked pyramid colored by source step (width = 98) Stacked directed animal / polyomino (size = 201)
18 - =
- -
16 - - .
- - -
1_4 - - - -
- - - - -
12 - - - - - o= -
- - - - - -
“ 10q == - - - - -
.“E« - - - e - - - L -
£ B - - L] - - - L] - - -
- - - - - - - -
6 B - - -, - - - - - -
- - - - - - - - - -
4— - - - - - - . - . - - - -
- -a .- - - - - -- - - - - -
2 & - - - - - - - - - - - -
- - - . - - - .. - - - - - - - .
D— - - - B - - - . - - . - a. . - - L - .
T T T T T T T T T T T T T
0 8 16 24 32 40 48 56 64 72 80 88 96 0o 3 6 9 12 15 18 21 24 27 30 33 36 39
column X

=== initial root (no path step)

=== harizontal catastrophe

=== grdinary Motzkin step === non-horizontal catastrophe



Using the bijection

number of minimal dimers <++» number of "real” catastrophes

distance between minimal dimers <% size of catastrophe
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# catastrophes < width
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Using the bijection

number of minimal dimers <++» number of "real” catastrophes

distance between minimal dimers <% size of catastrophe

# catastrophes + cum. size of all catastrophes
3/28 -n + 6/28 - n

|[Bousquet-Mélou & Rechnitzer,
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Improved upper bounds 1
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Improved upper bounds 1

Idea: Mark steps that do not contribute to the width

Motzkin excursions <> Half-Pyramids
M
A/I\ — T .A/I\ T M
o ®

M(z,u) =1+2z M(z,u)+2° - u- M(z,u) Q
............................... —
Q = - = Q D Q
o—o .~
o*—o o—o * . .

— asymptotic number of marked dimers in a half-pyramid ~ n/3

— asymptotic width of a stacked pyramids < 6/7 - n
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Improved upper bounds 2

/\/\/W

M=z+z-M+22-u-M4+23 - u2 - M?>+ 2% 03 M3

— asymptotic number of marked dimers in a half-pyramid ~ n /2

— asymptotic width of a stacked pyramids < 45/56 - n
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Improved bounds. Overview

# catastrophes

[Bousquet-Mélou & Rechnitzer, 2002]
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Improved bounds. Overview

# catastrophes expanded decomposition
[Bousquet-Mélou & Rechnitzer, 2002] Sif IS Ixcurs'ons
0.11 0.80
0.32 0.86

y !
1 - (#down-steps)/n

#catastrophes
+ cum. size of
catastrophes
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Improved bounds. Overview

# catastrophes expanded decomposition
|[Bousquet-Mélou & Rechnitzer, 2002] of Motzkin excursions
with additional heuristics l
0.11 v 0.80
width | | | | | | |
0.32 0.51 0.86

y !
1 - (#down-steps)/n

#catastrophes
+ cum. size of
catastrophes
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Summary

Surprising connection between lattice
paths with catastrophes and a subclass
of lattice animals
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Summary

Surprising connection between lattice
paths with catastrophes and a subclass
of lattice animals

explicit bijection between

®m Motzkin excursions with catastrophes - EEEEE B
W stacked directed animals - -

study lattice path parameters to derive im- -
proved upper and lower bounds on the width
of stacked pyramids _ = =
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