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Branching random walks BRW

BRW combines two mechanisms: Q - Q - Q - ©3
1 each particle branches O O O

according to ; PR, Q Q e 1
2 each child does a random
walk on G. ‘ : Q : * 0

State space: infinite graph G.
For this talk the state space is regular tree Ty (or Z9).
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Branching process

Generation 0 O

m Start with one ancestor and offspring distribution 7.
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Branching process

Generation 0 Q

Generation 1 O Q O

m Start with one ancestor and offspring distribution 7.
m Produces k children with distribution 7(k) and then it dies.
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Branching process

Generation 0 Q

Generation 1 O Q Q

Generation 2 Q OQ Q O

m Start with one ancestor and offspring distribution 7.
m Produces k children with distribution 7(k) and then it dies.

m Each new particle branches independently and then it dies.
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Branching process

Generation 0 Q

Generation 1 O Q Q

Generation 2 Q OQ Q O

Generation 3 O O O O O O

Start with one ancestor and offspring distribution 7.
Produces k children with distribution 7(k) and then it dies.

|
|
m Each new particle branches independently and then it dies.
m The genealogy is built generation by generation.

|

~ m Z, = number of particles in the n-th generation.
B i FWF
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Random walk on a tree Ty

NVERV4
\/ m Start one particle at
. root o.

SN N
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Random walk on a tree Ty

[} [ ] [} [ ]
[} ] i
m Start one particle at
root o.
[ ]
m Choose one of the three
. ®  neighbors uniformly.
.
®.  J
[ ] L}
[ ]
o [ ] L] [ ]
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Random walk on a tree Ty

m Start one particle at
root o.

m Choose one of the three
. ®  neighbors uniformly.

m Transient on Ty, Z¢,
d > 3.
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Random walk on a tree Ty

m Start one particle at
root o.

m Choose one of the three
. ®  neighbors uniformly.

m Transient on Ty, Z¢,
d > 3.

m Recurrent on Z, Z?.
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Random walk on a tree Ty

[} [ ] [} [ ]
m Start one particle at
root o.

m Choose one of the three
®  neighbors uniformly.

S ° m Transient on Ty, Z¢,
) . d > 3.
m Recurrent on Z, 7.
y »
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Random walk on a tree Ty

o
/ m Start one particle at
root o.

m Choose one of the three
®  neighbors uniformly.

S ° m Transient on Ty, Z¢,
) . d > 3.
m Recurrent on Z, 7.
y »
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BRW: model and setup

Ingredients:
m Graph G = (V, E) (infinite, locally finite, connected).
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BRW: model and setup

Ingredients:
m Graph G = (V, E) (infinite, locally finite, connected).

m Transition matrix on G, call it P := (p(x,y))x,ev (for this
talk: nearest neighbor, i.e., p(x,y) > 0% x ~ y).
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BRW: model and setup

Ingredients:
m Graph G = (V, E) (infinite, locally finite, connected).
m Transition matrix on G, call it P := (p(x,y))x,ev (for this
talk: nearest neighbor, i.e., p(x,y) > 0% x ~ y).
m Irreducible and transient underlying random walk (Y;)nen-
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BRW: model and setup

Ingredients:
m Graph G = (V, E) (infinite, locally finite, connected).

m Transition matrix on G, call it P := (p(x,y))x,ev (for this
talk: nearest neighbor, i.e., p(x,y) > 0% x ~ y).

m Irreducible and transient underlying random walk (Y;)nen-

m Offspring distribution 7 with mean p := 3", -, km(k) and

p>1 supercritical
E(Llog(L)) < o0, L~m  LlogL condition
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BRW: model and setup

Ingredients:
m Graph G = (V, E) (infinite, locally finite, connected).

m Transition matrix on G, call it P := (p(x,y))x,ev (for this
talk: nearest neighbor, i.e., p(x,y) > 0% x ~ y).

m Irreducible and transient underlying random walk (Y;)nen-

m Offspring distribution 7 with mean p := 3", -, km(k) and

p>1 supercritical
E(Llog(L)) < o0, L~m  LlogL condition

m Kesten-Stigum [1966]

Z
= — W almost surely and P[W > 0] = 1.
P
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BRW: model and setup

Model for growth of population of bacteria

m Start with 1 individual at a reference vertex o.
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BRW: model and setup

Model for growth of population of bacteria
m Start with 1 individual at a reference vertex o.

m Inductively: at each generation, each alive particle produces,
independently of all others a random number of offspring,
distributed like 7.
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BRW: model and setup

Model for growth of population of bacteria
m Start with 1 individual at a reference vertex o.

m Inductively: at each generation, each alive particle produces,
independently of all others a random number of offspring,
distributed like 7.

m Each newly-born particle takes 1 step according to P, while
old particles die.
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BRW: model and setup

Model for growth of population of bacteria
m Start with 1 individual at a reference vertex o.

m Inductively: at each generation, each alive particle produces,
independently of all others a random number of offspring,
distributed like 7.

m Each newly-born particle takes 1 step according to P, while
old particles die.

For n> 0 let M, : V — N random population at time n; for x € V

Mp(x) := # individuals at vertex x at time n

M, = Z Mp(x)dx measure on G
xeV
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BRW: (M,),en sequence of random populations

At each discrete time step n: branch and take a random walk step.
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BRW: (M,),en sequence of random populations

° ° o °
o °

° b °
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At each discrete time step n: branch and take a random walk step.
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BRW: (M,),en sequence of random populations
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At each discrete time step n: branch and take a random walk step.
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BRW: (M,),en sequence of random populations
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BRW: (M,),en sequence of random populations
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At each discrete time step n: branch and take a random walk step.
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BRW: (M,),en sequence of random populations

At each discrete time step n: branch and take a random walk step.
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BRW: (M,),en sequence of random populations
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At each discrete time step n: branch and take a random walk step.
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BRW: (M,),en sequence of random populations
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At each discrete time step n: branch and take a random walk step.
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BRW: (M,),en sequence of random populations
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At each discrete time step n: branch and take a random walk step.
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BRW: (M,),en sequence of random populations

At each discrete time step n: branch and take a random walk step.
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BRW: (M,),en sequence of random populations
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At each discrete time step n: branch and take a random walk step.
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BRW: (M,),en sequence of random populations

[ o o [ ]
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At each discrete time step n: branch and take a random walk step.
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What is it known about BRW?

m Huge body of literature: Kolmogorov (1941), Harris (1963).
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What is it known about BRW?

m Huge body of literature: Kolmogorov (1941), Harris (1963).
m Extinction/survival phase transition occurs at 1:

m Extinction: p < 1 (subcritical case) or p = 1 (critical case):
branching process dies out a.s. P(3n € N: Z, =0)=1.
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What is it known about BRW?

m Huge body of literature: Kolmogorov (1941), Harris (1963).
m Extinction/survival phase transition occurs at 1:

m Extinction: p < 1 (subcritical case) or p = 1 (critical case):
branching process dies out a.s. P(3n € N: Z, =0)=1.

m Survival: p > 1 (supercritical case): branching process
survives with positive probability: P(Vn e N: Z, > 0) < 1.
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What is it known about BRW?

m Huge body of literature: Kolmogorov (1941), Harris (1963).
m Extinction/survival phase transition occurs at 1:
m Extinction: p < 1 (subcritical case) or p = 1 (critical case):
branching process dies out a.s. P(3n € N: Z, =0)=1.
m Survival: p > 1 (supercritical case): branching process
survives with positive probability: P(Vn e N: Z, > 0) < 1.
m For this talk: survival p > 1, Llog L condition and transience
of the random walk (Y;)nen.
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What is it known about BRW?

Huge body of literature: Kolmogorov (1941), Harris (1963).
Extinction/survival phase transition occurs at 1:
m Extinction: p < 1 (subcritical case) or p = 1 (critical case):
branching process dies out a.s. P(3n € N: Z, =0)=1.
m Survival: p > 1 (supercritical case): branching process
survives with positive probability: P(Vn e N: Z, > 0) < 1.

For this talk: survival p > 1, Llog L condition and transience
of the random walk (Y,)nen.

m Transience/recurrence phase transition occurs at 1/r

r spectral radius of (Y;), r = limsup,(p"(x, y))'/".
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What is it known about BRW?

Huge body of literature: Kolmogorov (1941), Harris (1963).
Extinction/survival phase transition occurs at 1:
m Extinction: p < 1 (subcritical case) or p = 1 (critical case):
branching process dies out a.s. P(3n € N: Z, =0)=1.
m Survival: p > 1 (supercritical case): branching process
survives with positive probability: P(Vn e N: Z, > 0) < 1.

For this talk: survival p > 1, Llog L condition and transience
of the random walk (Y})nen.

m Transience/recurrence phase transition occurs at 1/r
r spectral radius of (Y;), r = limsup,(p"(x, y))'/".
m Transience: every finite subset of G visited finitely many times
a.s. by the BRW.
m Recurrence: every finite subset of G visited co often a.s.

B universitat FWF Sereitiscrer
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Phase transitions for BRW

Transience/recurrence phase transition for BRW occurs at 1/r:
Benjamini-Peres (1996), Gantert-Miiller (2007)

mp< %: BRW is transient (extinction if p <1 and weak
survival if p € (1,1]).

m p > 1. BRW is recurrent (strong survival).
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Phase transitions for BRW

Transience/recurrence phase transition for BRW occurs at 1/r:
Benjamini-Peres (1996), Gantert-Miiller (2007)

mp< %: BRW is transient (extinction if p <1 and weak
survival if p € (1,1]).

m p > 1. BRW is recurrent (strong survival).

Aim of this talk: existence of a third phase transition!

0 11/r eh(¥n) p

extinction
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Empirical distributions

Typical questions about BRW: set of visited sites, accumulation
points at infinity, max/min displacement.
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Empirical distributions

Typical questions about BRW: set of visited sites, accumulation
points at infinity, max/min displacement.
Candellero-Hutchcroft [2023] and Kaimanovich-Woess [2023]:

behavior at infinity of the empirical distributions M, = %”
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Empirical distributions

Typical questions about BRW: set of visited sites, accumulation
points at infinity, max/min displacement.
Candellero-Hutchcroft [2023] and Kaimanovich-Woess [2023]:
behavior at infinity of the empirical distributions M, = %”
(My)nen sequence of probability measures on G.
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Empirical distributions

Typical questions about BRW: set of visited sites, accumulation
points at infinity, max/min displacement.
Candellero-Hutchcroft [2023] and Kaimanovich-Woess [2023]:
behavior at infinity of the empirical distributions M, = %”
(Mp)nen sequence of probability measures on G.
Weak convergence of M, to the "boundary” 9G of G?
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Empirical distributions

Typical questions about BRW: set of visited sites, accumulation
points at infinity, max/min displacement.
Candellero-Hutchcroft [2023] and Kaimanovich-Woess [2023]:
behavior at infinity of the empirical distributions M, = %”
(Mp)nen sequence of probability measures on G.

Weak convergence of M, to the "boundary” 9G of G?

Theorem: [Candellero-Hutchcroft,Kaimanovich-Woess 2023]

Let (M,) be supercritical BRW on G with Llog L condition and
transient underlying random walk. Then,
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Empirical distributions

Typical questions about BRW: set of visited sites, accumulation
points at infinity, max/min displacement.
Candellero-Hutchcroft [2023] and Kaimanovich-Woess [2023]:
behavior at infinity of the empirical distributions M, = %”
(Mp)nen sequence of probability measures on G.

Weak convergence of M, to the "boundary” 9G of G?

Theorem: [Candellero-Hutchcroft,Kaimanovich-Woess 2023]

Let (M,) be supercritical BRW on G with Llog L condition and
transient underlying random walk. Then, almost surely (for al-
most all realizations of BRW)

~

n
M, = A converges weakly to a random measure on 0G.
n

\
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End compactification of Tj

0Tz = {space of ends}={infinite rays}

[ J
Y
[ ]
® Ends £ and 7 agree on [0, c]
o . then split: d/(\g, n) =2l
d metric on T3
[ ] [ [ ° \
[ J
L ]
( J
fg = T3 U 9OT3: vertices plus infinite rays.

innsbruc
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Quantitative behaviour of empirical distributions

M, = %" empirical distributions of the BRW on G.

Questions (Kaimanovich-Woess [2023])

Empirical versions of limit theorems for BRW:

m Speed: random walk has speed ¢, does the whole cloud of
particle move with the same speed?

m CLT for M,: if speed of a random walk has Gaussian
fluctuations, does the BRW cloud inherit the fluctuations?

m Entropy: If we know the entropy of the underlying random
walk, what can we say about the entropy of M,?

B universitat
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Average speed and CLT for the empirical distributions

Underlying random walk: Let (Y;),>0 be a transient random
walk on G started at o.

Rate of escape/Speed

For the CLT part, assume that
for some o > 0,

ov/n 7 the distance from o grows
— linearly < £n, with possible

rischer
innsbruck Shaftsfonds

Gaussian fluctuations
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W uni

Speed of the empirical cloud of particles

Define the normalized average speed (displacement)

/doxdl\/l nZZdox

Theorem: [Kaiser-KI6tzer-Sava-Huss 2026]

Empirical rate of escape on transitive graphs G: if random walk
(Y,) has speed £ = lim,_, M (almost sure limit), and offspring
distribution with 7(0) = 0, p > 1, and finite second moment, then

Dn a.s. E,

n— oo

Equivalently, on the survival event where W > 0,

1 a.s.
— E d(o0, x)M,(x) —— LW.
np" oo n—o00

inns|
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Picture of the speed theorem

BRW cloud travels at the same linear speed as one random walk;
random factor is the martingale limit W when normalizing by p”.

typical radial shell d(o, x) ~ ¢n

[ ]
® )
¢ [ ]
. /f"v °
o
[ ] [ ]
® e
M, is a finite ran- . %fd(o,x) d/\7l,,(x) — L.

dom measure.

B universitat
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Stam-type CLT on Z

branching process
[ ]

Stam [1966], Biggins [1988]

o o ‘e positions at time
n of particles on Z

BRW on Z with speed ¢ and

® 00 o o ‘n
variance o2, for each y €R,

o —o0—0—0—0—0j0—0—0—0—0—0

x —{n)/(a+/n)

particles distribution

inZ,, ((—oo,én + aﬁy]) — Wo(y)
P

m center at the drift ¢n;
m rescale \/n;
m the # branching particles in

(—00,€n+ o+/ny] rescaled
by p" becomes Gausssian.
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Stam-type CLT on Z

branching process
[ ]

Stam [1966], Biggins [1988]

positions at time

. N n of particles on Z
BRW on Z with speed ¢ and e e Y n
variance o2, for each y €R, o o o -0 0o olo0 o o o o
1
FZ" ((7oo,ln+aﬁy]) — Wo(y) x — tn)/(o/A)

particles distribution
m center at the drift ¢n;

m rescale \/n;

m the # branching particles in
(—00,€n+ o+/ny] rescaled
by p" becomes Gausssian.

CLT for empirical distributions M, = M= of BRW on Ty?

Z

What about the set of particles in Ty in BRW that deviate at most of order /n
from the average speed ¢n?

An(a,b):{xeG:agwgb}.

o/
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My,

CLT for the empirical distributions M, = 7

For a < b, define the radial CLT window

)= {recac fo=00 )

Theorem: [Kaiser-Kl6tzer-Sava-Huss 2026]

Empirical CLT for BRW: If the underlying random walk (Y})
satisfies a CLT (and p > 1 and finite second moment for 7)
d(o,Y,) —¢n
o'\/ﬁ n—o00

then the empirical rescaled radial empirical distributions con-
verge weakly in probability to WA/(0, 1):

N(0,1),

plnM,,(A,,(a, b)) —— W (d(b) — (a)).

n—oo

Jricchatisfonds
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Empirical CLT for branchlng random walks

- .\
” '\\
7 e o N
. MAp(ayb) ) N
z, 'Y v SRy
o ° of
’ ] . ¢ \
X - =~ .
y - Y \
. < 9 s o ° N
Vi ’ P’ (N
/e ., 9 X e o
Y \ \
4 ¥ Y o}
[ —
I i N . e o)
. I < T 1
1 . .
I. ’! 2 ¥ ©
\ 1 0 f o!
(33 o\ . '
\ o !
\ 0 !
\ o e 7 e .
¢ ¥ !
\ » *
. y . 7 e o/
CYARN o
\ . ] N 'Y ,’ o/
 ( S 27 e ’
. S ea ./
\ ” -4 = 9 7
N 3 ()
N ° n. . e
N o . -
N % O od
O VR O S I

Shell between r, = /n+ oy/na and r, = {n+ o+/nb.

Many particles lie outside the shell; only particles in the shell
i contribute to M, (An(a, b)).
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Asymptotic entropy h(Y,) of random walk Y,

e e o ° m Entropy: how many vertices are
. v plausible locations of Y,,?
[ ]
[ ) [ ]
o. ]
| !
[ J L}
[ 1 [ )
[ J [ ] [ J |

Meaning of h(Y))

enh( Ya

) is the exponential growth rate of the part of the tree
explored by the walk.
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Asymptotic entropy h(Y,) of random walk Y,

e e o ° m Entropy: how many vertices are
. v plausible locations of Y,,?

@ m For p,(x) =P(Y, = x), (Shannon)

entropy of Y, is

* * — > pa(x) log pa(x).

'} L} x€Ty

Meaning of h(Y))

e"(Yn) is the exponential growth rate of the part of the tree
explored by the walk.
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Asymptotic entropy h(Y,) of random walk Y,

e e o ° m Entropy: how many vertices are
Q@\ o plausible locations of Y,?
» m For p,(x) =P(Y, = x), (Shannon)

entropy of Y, is

* * — > pa(x) log pa(x).

'} L} x€Ty
s, .. m Asymptotic entropy is
[ ] ° [ ] [ ]
H(Y,
h(Y,) = lim ( )
n—o00 n

Meaning of h(Y))

e"(Yn) is the exponential growth rate of the part of the tree
explored by the walk.




Overview BRW Empirical distributions Speed Entropy

Asymptotic entropy h(Y,) of random walk Y,

e e o ° m Entropy: how many vertices are
v plausible locations of Y,,?

m For p,(x) =P(Y, = x), (Shannon)
entropy of Y, is

* * — > pa(x) log pa(x).

'} L} x€Ty

s, .. m Asymptotic entropy is

h(Y,) = lim H(Yn)

n— oo n

Meaning of h(Y))

e"(Yn) is the exponential growth rate of the part of the tree
explored by the walk.
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Asymptotic entropy h(Y,) of random walk Y,
e o ° m Entropy: how many vertices are
-\ plausible locations of Y,,?
. m For p,(x) =P(Y, = x), (Shannon)
entropy of Y, is

* * — > pa(x) log pa(x).

'} L} x€Ty
s, .. m Asymptotic entropy is
[ ] ° [ ] [ ]
H(Y,
h(Y,) = lim ( )
n—o00 n

Meaning of h(Y))

e"(Yn) is the exponential growth rate of the part of the tree
explored by the walk.
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Asymptotic entropy h(Y,) of random walk Y,

‘@ ° m Entropy: how many vertices are
plausible locations of Y,,?
\/ m For p,(x) =P(Y, = x), (Shannon)

entropy of Y, is

* * — > pa(x) log pa(x).

'} L} x€Ty
s, .. m Asymptotic entropy is
[ ] ° [ ] [ ]
H(Y,
h(Y,) = lim ( )
n—o00 n

Meaning of h(Y))

e"(Yn) is the exponential growth rate of the part of the tree
explored by the walk.
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Example: simple walk on the 3-regular tree

For the simple random walk on T3, the distance from the root behaves
like a biased walk on N.

Asymptotic entropy

Away from the root, one edge goes The ball of radius r has about
back and two edges go forward. 2" vertices, so typical sites at
Hence the distance has drift time n occupy roughly

1 d(0,Y,) = g on/3 _ g(n/3)log2

positions. Thus

1
h(Y,) = 3 log 2.

B universitat
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Entropy of the empirical distributions

entropy measures

For a branching random walk on G, how spread out the
the empirical distribution at time n is particle cloud is
~ M, (x
Mp(x) = n(x) ° ® °
Z,

Its Shannon entropy is

H(/\//\In) = Z M,,(X) log MH(X)'
x€G

,,,,,,,,,,,,,,,, s

generation n: empirical clou
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\unnlzbrulck FWF




Overview BRW Empirical distributions Speed Entropy

Entropy of the empirical distributions

entropy measures

For a branching random walk on G, how spread out the
the empirical distribution at time n is particle cloud is
-~ M, (x
Mp(x) = n(x) ° ® °
Z,

,,,,,,,,,,,,,,,,,

Its Shannon entropy is |
|

H(/\//\In) = Z MH(X) log I\//\In(x)'
x€G

,,,,,,,,,,,,,,,, s

generation n: empirical clou

Does the limit R
i H(M)
im

n—oo n

exist almost surely, and what is its value?
W uni

innsbroce
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Phase transition for the entropy

Theorem: [Brieussel-Klotzer-Sava-Huss 2026+]

Under assumptions (h(Y,) < oo, m(0) =0, p > 1, ® second moment)

almost surely.
n—o0o n

i H(M,) [logp, p<e™),
m =
h(Yn), p> e,

Equivalently lim,_o 2% — min{log p, h(Y;)}.

n
N /

The critical value is

Px = eh(Yn)~
Below p., population is too small to probe the random-walk distribution;
above p,, it is large enough to recover the random-walk entropy rate.
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Picture of the phase transition

hBRW: [im H(M,,)/n
n—00

1< p < ehlV) p > eh(¥n)
hgrw = |ng hgrw = h(Yn)
h(Ys,
h(Yn) L)
log p
I - P
1 h(Yn)

px =€
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3 phase transitions in branching random walks

. H An) h(Yx)
lim
n—o0 n
log p
[ 2 L @
0 1 1/r eh(yn) p
extinction
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BRW is harder than independent random walkers

shared ancestry cre-

m BRW particles share long ates correlations
ancestral paths.
m Atypical early particles can

create many descendants.

m Standard subadditive tools do AN AN

not directly apply to H(M,).

m One must control whole
lineages, not only endpoints.
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Key proof idea: the entropic tube
For a typical random-walk path, (u is the step distribution of (Y}))
— log p**(Yi) = kh(Y,).

Restrict attention to particles whose whole ancestral trajectory stays in
this typical window:

Entnsk = {Vk < n:|—logu**(Yi) — kh(Y,)| < ké + K} .

typical lineage
yp g e sh

(Yn)
/
el //.
./' tube width k& + K
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Typical and odd particles

°
Partition of generation n

m Typ,: particles whose
ancestral paths stay inside
the entropic tube.

m Odd,: particles whose .
ancestral paths exit the typica odd
tube.

We prove
#T):Pn N Wtyp’ #(zgdn N Wodd.

p
As the tube is widened, WP — W and Wedd — 0.
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Good sites and collision control

The proof then studies how many typical particles may coalesce at the
same vertex

Small-p regime Large-p regime

When p < ) typical parti- When p > e"(Y2)  for most typi-
cles do not cluster too much: cal mass,
M) < (L+ )" MEP(x) S phen(H)=2)
for most of the typical mass. The empirical profile approxi-
This forces entropy rate log p. mates the random-walk entropy
- J |
_ scale. )

The estimates rely on second-moment bounds for typical-particle
overlaps, using the branching time of pairs.
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Questions

m Second order estimates for the asymptotic entropy of the
empirical distributions of BRW?

m Why is entropy important for understanding the non-trivial
behaviour of branching random walks at infinity?
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THANK YOU!
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