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E—Dyck paths

» Let k = (ki, k2, -+ , kr) be a vector of positive integers. We define its length
as {(k) :=r and its size as |k| .= ki + ko + - + k.

» Example: ¢((4,2,3,1)) =4 and |(4,2,3,1)| = 10.
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/?—Dyck paths
> Let k = (ki, k2, -+ , kr) be a vector of positive integers. We define its length
as {(k) :=r and its size as |k| .= ki + ko + - + k.
» Example: ¢((4,2,3,1)) =4 and |(4,2,3,1)| = 10.
» A k-Dyck path is a lattice path from (0,0) to (|k| + £(k),0) that never goes
below the horizontal axis, consisting of up steps U = (1, k;), 1 < i < £(k)

appearing in order from left to right, and down steps D = (1, —1). Let D,
denote the set of all E—Dyck paths.

» Example: m = U*DU’DDDDU’DDU'DDD € D4 23,1).
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K-Dyck paths

» Let /C be the set of all (multiset) permutations of k, and let Dy denote the
union of all corresponding path sets Dy, over all permutations k" in K.

» Example: For k = (2,2,1), we have

K= {(2, 2, 1), (2, 1, 2), (1, 2, 2)}
D = D2,2,1) UD(2,1,2) UD(1,2,2)-
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K-Dyck paths

» Let /C be the set of all (multiset) permutations of k, and let Dy denote the
union of all corresponding path sets Dy, over all permutations k" in K.

» Example: For k = (2,2,1), we have
K={(221),(21,2),(1,2,2)}
Dk =D,2,1) UD(2,1,2) UD1,2,2)
» These paths generalize:

® classical Dyck paths when k = (1,1,...,1), where |[Dn)| = %H(Q:)

® k-Dyck paths when k= (k,k,..., k), where |Dny| = kn1+1 ((ktl)").
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K-Dyck paths

» Let /C be the set of all (multiset) permutations of k, and let Dy denote the
union of all corresponding path sets Dy, over all permutations k" in K.

» Example: For k = (2,2,1), we have
K={(221),(21,2),(1,2,2)}
Dk =D,2,1) UD(2,1,2) U D 2,2).
» These paths generalize:
® classical Dyck paths when k = (1,1,...,1), where [Dam| = %H(Q:)

® k-Dyck paths when k= (k,k,..., k), where |Dny| = kn1+1 ((ktl)").

» Rukavicka '11: For A(k) = 1™2™ ... |k|™, then

/?er 4+ 4+ my
Dy | 1 <|| 1 k|>.
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area statistic

» For each step m;, we define its starting rank r(7;) and ending rank r'(7;) as
the y-coordinates of its initial and terminal points, respectively.

» Example:

starting rank sequence:r(m) = (0,4,3,5,4,3,2,1,4,3,2,3,2,1),
ending rank sequence:r'(7) = (4,3,5,4,3,2,1,4,3,2,3,2,1,0).
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area statistic

» For each step m;, we define its starting rank r(7;) and ending rank r'(7;) as
the y-coordinates of its initial and terminal points, respectively.

» Example:

starting rank sequence:r(m) = (0,4,3,5,4,3,2,1,4,3,2,3,2,1),
ending rank sequence:r'(7) = (4,3,5,4,3,2,1,4,3,2,3,2,1,0).
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» The area of m € Dy is the sum of starting ranks of all up steps. It counts the
number of complete cells between the up steps and the horizontal axis.
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dinv statistic

» Let D; and U; denote the i-th down step and the j-th up step in T,
respectively. For any steps A and B, we write A < B if A strictly precedes B.
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dinv statistic

» Let D; and U; denote the i-th down step and the j-th up step in T,
respectively. For any steps A and B, we write A < B if A strictly precedes B.

» Define dinv(7) by comparing pairs of steps as follows:

dinv(7) = Z x(0 < r(Dy) —r(U;) < k)

D;<U;

+ > Xl r(U;) and r'(U)) > r'(U) (F'(U)) = r'(U)
ui<y;

+ > X r(U;) and r'(U)) < r'(U) (F'(U) = (1))

Ui<y;
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dinv statistic

» Let D; and U; denote the i-th down step and the j-th up step in T,
respectively. For any steps A and B, we write A < B if A strictly precedes B.

» Define dinv(7) by comparing pairs of steps as follows:

dinv(7) = Z x(0 < r(Dy) —r(U;) < k)

D;<y

+ > X r(Up) and r'(U)) > r'(U) (' (U;) = r'(U:)
U<y

+ Z r(Uj) and r'(U;) < F'(U)) (7' (U;) = r'(U))).
Ui<y;

» For our previous example, we have dinv(7) = 10.
b (D17 U2)7 (D17 U3)7 (D37 U3)7 (D47 U3)7 (D47 U4)7 (D57 U3)7 (D57 U4)7 (D77 U4)r
® (Ui, Us), (Us, Ua).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1, we have

1

Figure: Filling tableau n(7) and ranking tableau v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1), we have

Figure: Filling tableau n(7) and ranking tableau v(n(m)).



Background
0O0000e00

bounce statistic

Main results Sketch of the proof
0000 000000

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells

consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU?DDDDU*DDU*DDD € Dw,2,3,1), we have

3

Figure: Filling tableau n(7) and ranking tableau v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For m = U*DU’DDDDU?DDU'DDD € D4 53,1), we have
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Figure: Filling tableau n(7) and ranking tableau v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU?DDU*DDD € D 5 3,1y, we have

Figure: Filling tableau n(7) and ranking tableau ~v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU?DDU'DDD € D 5 3,1y, we have

|®-I>I\J|—\

Figure: Filling tableau n(7) and ranking tableau ~v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For m = U*DUDDDDU?DDU'DDD € Dy 53,1), we have

|®-I>I\J|—\
~

Figure: Filling tableau n(7) and ranking tableau ~v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU?DDDDU*DDU*DDD € Dw,2,3,1), we have
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Figure: Filling tableau n(7) and ranking tableau ~v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For m = U*DU’DDDDU*DDU'DDD € Dy 53,1), we have

8
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Figure: Filling tableau n(7) and ranking tableau ~v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D4 53,1), we have

8
10

’©|®-I>I\)l—\
~

Figure: Filling tableau n(7) and ranking tableau ~v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1, we have

8 |11
10

’©|®-I>I\)l—\
~

Figure: Filling tableau n(7) and ranking tableau ~v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For m = U*DU’DDDDU*DDU'DDD € Dy 53,1), we have

8 |11
10
12

’©|®-I>I\)l—\
~

Figure: Filling tableau n(7) and ranking tableau ~v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € Dy 5 3,1y, we have

8 |11
10|13
12

’©|®-I>I\)l—\
~

Figure: Filling tableau n(7) and ranking tableau ~v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For m = U*DU’DDDDU*DDU'DDD € Dy 53,1), we have

8 |11
10|13
12
14

’©|®-I>I\)l—\
~

Figure: Filling tableau n(7) and ranking tableau ~v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1, we have

13811 0
2|5]10[13 1
4712 2
6| |14 3
0| 4l

Figure: Filling tableau n(7) and ranking tableau ~v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1, we have

1|38 |11 0
(2)| 5|10[13 1
41712 2
6 14 3
o] 4]

Figure: Filling tableau n(7) and ranking tableau ~v(n(m)).
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bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1, we have

13 1 0 3
2 1013 1 4
4 |(7)|12 2 5
6 14 3 6
o] 4l

Figure: Filling tableau n(7) and ranking tableau v(n(m)).



Background Main results Sketch of the proof
0O0000e00 0000 000000

bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1, we have

1]3] 811 0[1/3]4
2|5(10/13 1 405
4712 2|35
6| |14 3 6
0| 4l

Figure: Filling tableau n(7) and ranking tableau v(n(m)).



Background Main results Sketch of the proof
0O0000e00 0000 000000

bounce statistic

» For m € Dg, bounce(r) is the sum of the first-row entries of v(n(w)), with n
and 7y being the filling and ranking algorithms introduced by Xin and Zhang.

» Both 7)(7) and ~(7)(7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1, we have

13811 o[1]3]4
2|5]10[13 1245
4712 2[3]s
6| |14 3| |6
0| 4l

Figure: Filling tableau n(7) and ranking tableau v(n(m)).
Thus, bounce(r) =0+1+3+4=38.
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Sweep map

» Sorting steps according to the starting rank sequence from smallest to
largest. For steps starting at the same rank, we list them from right to left.
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Sweep map

» Sorting steps according to the starting rank sequence from smallest to
largest. For steps starting at the same rank, we list them from right to left.

» Example: For m = U*DU’DDDDU’DDU'DDD € Dy 53,1y,
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Sweep map

» Sorting steps according to the starting rank sequence from smallest to
largest. For steps starting at the same rank, we list them from right to left.

» Example: For 7 = U*DU>DDDDU*DDUDDD € Dys 251,

f the proof
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Sweep map

» Sorting steps according to the starting rank sequence from smallest to
largest. For steps starting at the same rank, we list them from right to left.

» Example: For 7 = U*DU>DDDDU*DDUDDD € Dys 251,

w

f N

0

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

((r)=(U*,D,U°,D,U", D, )
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Sweep map

» Sorting steps according to the starting rank sequence from smallest to
largest. For steps starting at the same rank, we list them from right to left.

» Example: For 7 = U*DU>DDDDU*DDUDDD € Dys 251,

AN

2

1

0
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

((r)=(U*, DU D, U, D,D,D,D, U )

Sketch of the proof
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Sweep map

» Sorting steps according to the starting rank sequence from smallest to
largest. For steps starting at the same rank, we list them from right to left.

» Example: For 7 = U*DU>DDDDU*DDUDDD € Dys 251,

1

0
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

((r)=(U*, D,V D, U, D,D,D,D,U>,D,D,D, )
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Sweep map

» Sorting steps according to the starting rank sequence from smallest to
largest. For steps starting at the same rank, we list them from right to left.

» Example: For m = U*DU’DDDDU’DDU'DDD € Dy 53,1y,

I

1/

0

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

((r) = (U%,D,U%,D,U",D,D,D,D, U*,D, D, D, D)
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Sweep map

» Sorting steps according to the starting rank sequence from smallest to
largest. For steps starting at the same rank, we list them from right to left.

» Example: For m = U*DU’DDDDU’DDU'DDD € Dy 53,1y,

I

1/

0

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

() =(U*,D,U*,D,U",D,D,D,D,U*,D,D,D,D) € Dia31,)-



Sketch of the proof

Background Main results
000000

00000080 0000

Sweep map

» Sorting steps according to the starting rank sequence from smallest to
largest. For steps starting at the same rank, we list them from right to left.

» Example: For 7 = U*DU>DDDDU*DDUDDD € Dys 251,

1

0
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

((ﬂ—) = (U4,D7 U37D, U17D7D, D7 D7 U27D7 D7 D7 D) € D(4,3,1,2)-

» Xin—Zhang '21: Sweep map ( is a bijection from Di to Dx and takes dinv
to area and area to bounce, that is,

dinv(7) = area(¢(w)) and area(w) = bounce({()).
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Symmetry

» Joint symmetry:

Z qdinv(‘rr)tarea(ﬂ') _ Z qarea(w)tbounce(ﬂ).

w€Dx T€Dx

» The dinv, area, and bounce have the same distribution on D for any k.
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Symmetry
» Joint symmetry:
Z qdinv(‘rr) parea(m) _ Z qarea(w) ¢bounce(r)
TE€DK €Dk
» The dinv, area, and bounce have the same distribution on D for any k.
» g, t-symmetry: Let

Ck(q t) = Z qarea(ﬂ)tbounce(ﬂ).

wE€DK
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Symmetry
» Joint symmetry:
Z qdinv(‘rr) parea(m) _ Z qarea(w)tbounce(ﬂ).
TE€DK €Dk
» The dinv, area, and bounce have the same distribution on D for any k.
» g, t-symmetry: Let

C/\-(q_ t) - Z qarea(r)tbounce(ﬂ).

wE€DK

® Garsia—Haglund '02: C1n)(q, t) = Cian)(t, q) = (Ven, en).
® Loehr '05: Cinmy(q,t) = Ciumy(t, q) = (V¥en, €n).
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Symmetry
» Joint symmetry:
Z qdinv(‘rr) parea(m) _ Z qarea(w)tbounce(ﬂ).
TE€DK €Dk
» The dinv, area, and bounce have the same distribution on D for any k.
» g, t-symmetry: Let

C/\-(q_ t) - Z qarea(r)tbounce(ﬂ).

wE€DK

® Garsia—Haglund '02: C1n)(q, t) = Cian)(t, q) = (Ven, en).
® Loehr '05: Cinmy(q,t) = Ciumy(t, q) = (V¥en, €n).
* Xin-Zhang '24: Cx(q,t) = Ci(t,q) for /(k) < 3.
* It does NOT hold in general for /(k) > 4. For example, k = (3,1,1,1):
Cr(a,t) — Cr(t, q) = °F — G*t° — °f — 24°8 + 2¢°¢ + t°
+ 2q5t2 + q41‘3 - q3t4 — 2::121:5 - q4t2 + q2t4.
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depth statistic

» For m € Dg, depth(r) is the sum of the first-row entries of .. (7. (7)), with
1« and 7. being our modified filling and ranking algorithms.

» Both 7.(7) and 7. (7. (7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1, we have

1

Figure: Modified filling tableau n.(7) and ranking tableau (7 ()).
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depth statistic

» For m € Dg, depth(r) is the sum of the first-row entries of .. (7. (7)), with
1« and 7. being our modified filling and ranking algorithms.

» Both 7.(7) and 7. (7. (7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1, we have

Figure: Modified filling tableau n.(7) and ranking tableau (7 ()).
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depth statistic

» For m € Dg, depth(r) is the sum of the first-row entries of .. (7. (7)), with
1« and 7. being our modified filling and ranking algorithms.

» Both 7.(7) and 7. (7. (7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU*DDD € Dw,2,3,1), we have
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Figure: Modified filling tableau n.(7) and ranking tableau (7 ()).
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depth statistic

» For m € Dg, depth(r) is the sum of the first-row entries of .. (7. (7)), with
1« and 7. being our modified filling and ranking algorithms.
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» For m € Dg, depth(r) is the sum of the first-row entries of .. (7. (7)), with
1« and 7. being our modified filling and ranking algorithms.

» Both 7.(7) and 7. (7. (7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € Dy 5 3,1y, we have
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1« and 7. being our modified filling and ranking algorithms.
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consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1, we have
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7 13 3
4] 4]

Figure: Modified filling tableau 7. (7) and ranking tableau (7 (7)).
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» For m € Dg, depth(r) is the sum of the first-row entries of .. (7. (7)), with

1« and 7. being our modified filling and ranking algorithms.

» Both 7.(7) and 7. (7. (7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1, we have

13|®]11 0 3
214|912 1 4
6(5](10 2 5
D |13 3 6
14| 4|

Figure: Modified filling tableau 7. (7) and ranking tableau (7 ()).
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» For m € Dg, depth(r) is the sum of the first-row entries of .. (7. (7)), with

1« and 7. being our modified filling and ranking algorithms.

» Both 7.(7) and 7. (7. (7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1, we have

1 8 [11 0 3|5
24912 1 46
6|5 [10) 2 5
7] |13 3] |6
4] 4l

Figure: Modified filling tableau 7. (7) and ranking tableau (7 (7)).
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» For m € Dg, depth(r) is the sum of the first-row entries of .. (7. (7)), with

1« and 7. being our modified filling and ranking algorithms.

» Both 7.(7) and 7. (7. (7)) take the shape of a top-justified array of cells
consisting of /(k) columns, where the i-th column contains k; + 1 cells.

» Example: For 7 = U*DU’DDDDU*DDU'DDD € D45 3,1, we have

1 11 ol1]3]s
2|4]9]12 1246
65]10 2[3]s
7] [13 3] |6
(4] 4l

Figure: Modified filling tableau 7. (7) and ranking tableau (7 ()).
Thus, depth(7) =0+1+34+5=09.
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» Pappe—Paul-Schilling’s depth for classical Dyck paths:

» Example: For 7 = U'U'DDU'U'U'DDU'DDU'U'DD € Dys).

5(6|7(10|13(14 0|0
413|129 |8[11(16(15 11222

Figure: Modified filling tableau 7. (7) and ranking tableau v« (7 ()).
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(area,depth)-polynomials

» Define -
C;(q« t) — Z qarea(w)tdepth(ﬂ').

Te€Dy

» Pappe—Paul-Schilling '21: E(ln)(q, t) = E(ln)(t, q).

Conjecture (Q.—Zhang '26)

For any k and positive integers a and b, then Caxs(q,t) = Caxs(t, q).
» Example: Let k = (2,2,1), a=3and b =1, then

K=14(3,2,2,1,1),(3,2,1,2,1),(3,1,2,2,1)}.
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(area,depth)-polynomials

» Define -
C;(q« t) — Z qarea(fr)tdepth(ﬂ).

Te€Dy

» Pappe—Paul-Schilling '21: E(ln)(q, t) = E(ln)(t, q).
Conjecture (Q.—Zhang '26)
For any k and positive integers a and b, then é,cb(q, t) = é/cb(t, q).
» Example: Let k = (2,2,1), a=3and b =1, then

K =1{(3,2,2,1,1),(3,2,1,2,1),(3,1,2,2,1)}.
Theorem (Q.—Zhang '26)

For any k and positive integer a, then f_:a;c(q, t) = é,c(p q).

Corollary (Q.—Zhang '26)
For any k, then 5;¢(q, t) = E)(;(t, q)-
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area and depth: recursive definitions

» Let vi, o, -, v/ be the first-row entries of the modified filling tableau. Fix
vj, and assume v; — 1 appears in the m; j-th row of the i-th column for some
i < j. Then, the area sequence a(r) = (a1, a2, . .., ar) satisfies

® a1 =0,
® 3y =a;+ ki +1—m;forj>2.
Additionally, the depth labeling sequence d(w) = (i, da, . . ., d¢) satisfies
° d, =0,
® d=d+m,;—1forj>2.

i J
13 11
- e
miy—e [T e 65 |10
: 7] [13]
k1 I
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From modified filling tableau to labeled branch tree

» Example: For 7 = U*DU’DDDDU*DDU"DDD € D 23,1,

* .
1|3 |8 |11 [P wilhe
2|4 |9 |12 A S o

! 16 v
6|5 [10 — ¢
7 13 O
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From modified filling tableau to labeled branch tree

» Example: For 7 = U*DU’DDDDU*DDU"DDD € D 23,1,

» Define area and depth on labeled branch trees recursively as follows:

a(T):=0and a(T) :=ai(T) + &,
di(T):=0and di(T) :=di(T) + si .

» We have area(T) = area(r) and depth(T) = depth(r).
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Dual algorithm

» The dual is an involution. Furthermore, we have

area(T4") = depth(T) and depth(T*"*) = area(T).
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From labeled branch tree to modified filling tableau

Sketch of the proof
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ot

» Let w be the composition of the mapping steps described above, then

w(r) = U'DU’DU'DDDDDU’DDD.
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From labeled branch tree to modified filling tableau

v
s
vy

» Let w be the composition of the mapping steps described above, then

w(r) = U'DU’DU'DDDDDU’DDD.

» w defines an involution on Dax which interchanges area and depth.
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From labeled branch tree to modified filling tableau

Sketch of the proof
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ot

» Let w be the composition of the mapping steps described above, then

w(r) = U'DU’DU'DDDDDU’DDD.

» w defines an involution on Dax which interchanges area and depth.

» The g, t-symmetry of E,C/(q, t) follows immediately from the fact that it is a

sum of g, t-symmetric components (?a;c(q7 t).
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Thanks for your time!
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