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x  combinatorial object

f(x) := # combinatorial objects indexed by x

What is a counting problem? 



f(G) := the number of perfect matchings in graph G

Perfect matching – collection of
k pairwise disjoint edges of G

G=(V,E) graph on n=2k vertices

What is a counting problem? 



f(G) := the number of perfect matchings in graph G

f(G) = 9

What is a counting problem? 



f(G) := the number of perfect matchings in graph G

f(d-cube) = 

What is a counting problem? 



f(G) := the number of spanning trees in graph G

Spanning tree – collection of
n-1 edges of G with no cycles

G=(V,E) graph on n vertices

What is a counting problem? 



f(G) := the number of spanning trees in graph G

What is a counting problem? 



f(P) := the number of linear extensions in poset P

What is a counting problem? 



f(P) := the number of linear extensions in poset P

f(P) = 5

What is a counting problem? 



What is a counting problem? 

f(l) = number of standard Young tableaux of shape l



What’s a counting coincidence? 



← Not that! 

What’s a counting coincidence? 



Two graphs with the same number of perfect matchings

What’s a counting coincidence? 



What’s a counting coincidence? 

Two graphs with the same number of Hamiltonian cycles



Two graphs with the same number of spanning trees

What’s a counting coincidence? 



Two graphs with the same number of spanning trees

What’s a counting coincidence? 

Note: These graphs are isospectral



Two partitions with the same number of standard Young tableaux:

#SYT(10,2,1) = #SYT(9,4) = 429

What’s a counting coincidence? 



Definition of counting coincidences 



Problems with parsimonious reductions



Problems with parsimonious reductions

Karp reducible



Problems without parsimonious reductions



Problems without parsimonious reductions

Turing reducible



Inverse counting problem

Fix f : X→ {0,1,2,…}

Given k, find a combinatorial object  x ∈ X 

of smallest size, such that  f(x) = k.  



Inverse counting problem

Fix f : X→ {0,1,2,…}

Given k, find a combinatorial object  x ∈ X 

of smallest size, such that  f(x) = k.  



Proof idea: these functions are concise



Proof idea: these functions are concise



Easy example:  independent sets

Let  f : G=(V,E) → number of independent sets in G

independent set := subset of nonadjacent vertices in graph G   

f(e) = 3

e



Easy example:  independent sets

Let  f : G=(V,E) → number of independent sets in G

independent set := subset of nonadjacent vertices in graph G   

#P-complete



Easy example:  independent sets

Let  f : G=(V,E) → number of independent sets in G

independent set := subset of nonadjacent vertices in graph G   

Note: the number of non-isomorphic graphs on n vertices is



Easy example:  independent sets

f(G + v) = 2 f(G) f(G x v) = f(G) + 1

Let  f : G=(V,E) → number of independent sets in G

independent set := subset of nonadjacent vertices in graph G   



Domino tilings



Domino tilings



Proof idea



Proof idea



Perfect matchings of snake regions

sign sequence  =  ( + – – + + + + – – ) 



Perfect matchings of snake regions

sign sequence  =  ( + – – + + + + – – ) 



Perfect matchings of snake regions

sign sequence  =  ( + – – + + + + – – ) 



Perfect matchings of snake regions



Perfect matchings of snake regions



Perfect matchings of snake regions



Perfect matchings of snake regions

Primes are enough!



Perfect matchings of snake regions

Primes are enough!

Zaremba for primes!



Perfect matchings of snake regions

Primes are enough!

Zaremba for primes!



Linear extensions



Linear extensions



Linear extensions



Linear extensions



Proof idea of KS Lemma:  Stern-Brocot tree



Proof idea of KS Lemma:  Stern-Brocot tree

Calkin-Wilf tree



Linear extensions



Linear extensions



Linear extensions



Spanning trees

Sedláček’s First Problem (1966) 

Describe the set of spanning tree numbers



Spanning trees

Sedláček’s First Problem (1966) 

Describe the set of spanning tree numbers



Spanning trees

Sedláček’s First Problem (1966) 

Describe the set of spanning tree numbers



Spanning trees

Sedláček’s First Problem (1966) 

Describe the set of spanning tree numbers



Spanning trees

Sedláček’s Second Problem (1966) 

Describe the set of spanning tree numbers of  

planar graphs.



Spanning trees

Sedláček’s Second Problem (1966) 

Describe the set of spanning tree numbers of  

planar graphs.



Spanning trees

Sedláček’s Second Problem (1966) 

Describe the set of spanning tree numbers of  

planar graphs.



Spanning trees



Graphs with given degrees



Reduced factorizations



Littlewood-Richardson coefficients



Littlewood-Richardson coefficients



Skew Schur functions



Skew Schur functions



Skew Schur functions



Thank you! 




