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Canonical Join Complex

Canonical Join Complex: Motivation

Factorization
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Canonical Join Complex

Canonical Join Complex

L is a finite join-semidistributive lattice
Join irreducible element of L: exactly one down cover

Canonical join representation of w ∈ L:
unique "lowest" subset A ⊆ JoinIrr(L) satisfying

∨
A = w

The canonical join complex is the simplicial complex:

facets ←→ canonical join representations in L

Theorem (Reading 2015)

The canonical join complex is a complex.
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Canonical Join Complex

Example: Lattice L of divisors of p2q2r2 for
primes p,q, r

p power

q power

r power

1

2

1
2

1

2

0

q

q2

p
r2

p2
r

canonical join complex of Lstructure of L

The canonical join complex for the lattice of divisors
of N = pn1

1 pn2
2 . . .pnk

k is the complete multipartite complex.
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Canonical Join Complex

First combinatorial model

Reading provided a combinatorial model for the
canonical join representation of permutations in terms of
non-crossing arc diagrams.

Theorem (Reading 2015, Barnard 2020)

The canonical join complex of the Tamari lattice is
realized by right non-crossing arc diagrams.
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Alt ν-Tamari Lattices

Question

Can we give a combinatorial model for variants of the
Tamari lattice?

INVARIANCE OF ROWMOTION FOR VARIANTS OF THE TAMARI LATTICE 7

21

ν-Tamari lattice Rotation lattice of ν-trees

Figure 3.2: Example ν=EENEEN.

rotation if T′ can be obtained from T by exchanging q ∈ T with q′ ∈ T′ in as in Figure 3.4 with
p, r ∈ T, T′.

Figure 3.3: Left: ν = EENEEN, Right: ν-tree.
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Figure 3.4: Right rotation.

The inverse is called a left rotation. Clearly the rotation of a ν-tree is also a ν-tree. The rotation
poset of ν-trees is the partial order on the set of ν-trees, which is defined by the cover relation
T < T′ if T′ can be obtained by a right rotation of T. Moreover, the rotation poset of ν-trees is a
lattice, and the rotation poset of ν-trees is connected. All ν-trees have the same number of nodes,
which is the number of lattice points on ν. Two ν-trees differ by a single element if and only if
they are related by a rotation. More remarkable, the following holds, see example in Figure 3.30:

Theorem 3.1: [CPS19]

The ν-Tamari lattice is isomorphic to the rotation poset of ν-trees.

We present a bijection from [CPS20], which induces an isomorphism between the rotation lattice
of ν-trees and the ν-Tamari lattice. We give a short description of the right flush R, which con-
structs a ν-tree from a ν-path µ: Start with labeling all points in the ν-path µ in order they appear
along the path. Now we are constructing the ν-tree from the bottom to the top. The vertices in a
row are placed as rightmost as possible on the same row of the path in assigned order. But we
avoid the x-coordinates that are forbidden by previous flushed rows. We disallow here the coor-
dinates by all flushed points in a row, excepting the last one (leftmost). The obtained points give
us the ν-tree. The Left flush L will work symmetrically, see [CPS20]. This bijection is visualized
in Figure 3.5. The maps and R, L are well defined, and bijective inverse to each other. Moreover,

Figure 3. Right rotation.

It is known that every interval of a Tamari lattice is semidistributive and extremal. Every alt
ν-Tamari lattice is isomorphic to an interval of a Tamari lattice [12, 35], so alt ν-Tamari lattices
are semidistributive and extremal.

Remark 3.3. The alt ν-Tamari lattice specializes to several well-known structures depending on
the choice of parameters ν and δ.

(1) Setting νi = 1 and δj = 1 recovers the classical Tamari lattice, originally introduced by
Tamari in 1962 [49].

(2) Setting νi = 1 and δj = 0 yields the Dyck lattice, also called the Stanley lattice [45].
(3) Setting νi = m and δj = 1 produces the m-Tamari lattice, which was tntroduced by

Bergeron and Préville-Ratelle [5].
(4) Setting δj = νj results in the ν-Tamari lattice [35]. Under these constraints, (δ, ν)-trees

naturally simplify to ν-trees whose nodes occupy ν-compatible positions.

Example 3.4. For ν = ENEEN there are three different alt ν-Tamari lattices. These are illus-
trated in terms of ν paths in Figure 4 and in terms of trees in Figure 5.

Figure 4. Examples of alt ν-Tamari lattices Tamν(δ) for ν = ENEEN = (1, 2, 0).
Left: the ν-Dyck lattice, for δ = (0, 0). Middle: the lattice for δ = (1, 0). Right: the
ν-Tamari lattice, for δ = (2, 0).

3.1.1. A perspective edge labeling. Following [13], the perspective edge labeling for the alt ν-Tamari
lattice is defined by a specific rule. Let T ⋖ T ′ be a cover relation in the alt ν-Tamari lattice. We
let Tj denote the join-irreducible (δ, ν)-tree associated with the bottom-right box of the rectangular
region involved in the corresponding rotation. An example is shown in Figure 9.

Alt ν-Tamari lattices
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Alt ν-Tamari Lattices

Alt ν-Tamari lattice
Given a stack polyomino Fδ,ν, the alt ν-Tamari lattice is
the rotation lattice of (δ, ν)-trees.

INVARIANCE OF ROWMOTION FOR VARIANTS OF THE TAMARI LATTICE 9

Figure 5. Examples of alt ν-Tamari lattices Tamν(δ) for ν = ENEEN = (1, 2, 0).
Left: the ν-Dyck lattice, for δ = (0, 0). Middle: the lattice for δ = (1, 0). Right:
the ν-Tamari lattice, for δ = (2, 0).

an increment vector δ, where δi is the number of columns of height n− i that remain to the right of
the largest columns. We thus denote by Fδ,ν the stack polyomino obtained from Fν by permuting
columns according to the increment vector δ, as illustrated in Figure 6.

The definition of stack polyominoes can be traced back to the late 1960s [59], whereas L-convex
polyominoes were introduced by Giusi Castiglione and Antonio Restivo [12]. The name ‘moon
polyomino’ was coined by Jakob Jonsson [35], who also initiated the study of 0-1-fillings of these
shapes.

p
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(δ, ν)-incompatible

p q

(δ, ν)-compatible

p

q

(δ, ν)-compatible

p

q

(δ, ν)-compatible

Figure 6. Left: The Ferrers diagram Fν for ν = (1, 4, 1, 0, 0) is the stack polyomino
Fδ,ν for δ = (4, 1, 0, 0). Right: The stack polyomino Fδ′,ν for the same ν and
δ′ = (2, 1, 0, 0) is obtained from permuting the columns of Fν according to δ′.

(δ, ν)-Tree: maximal collection of (δ, ν)-compatible lattice
points in Fδ,ν .
Rotation:
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Alt ν-Tamari Lattices

Alt ν-Tamari lattice: Example
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Combinatorial Model

Combinatorial Model

Compatibility relation of boxes in Fδ,ν:

incompatible incompatible incompatible compatible compatible

p1

q1

p2

q2

p3

q3

Definition (Müller 2026)

The box complex ∆δ,ν is the simplicial complex, whose

faces ←→ pairwise compatible boxes in Fδ,ν.
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Combinatorial Model

Realization

Theorem (Müller 2026)

The box complex realizes the canonical join complex
of the alt ν-Tamari lattice.
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Topology

Euler characteristic: Example

Euler characteristic:

χ(∆δ,ν) =

dim(∆δ,ν)∑
i=0

(−1)i fi(∆δ,ν) = 7− 7 = 0
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Topology

ν-Narayana polynomial: Example

10 ADENBAUM, BARNARD, CEBALLOS, CHENEVIÈRE, DEFANT, HOPKINS, MÜLLER, RUBEY, AND STRIKER
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Figure 6. Left: The Ferrers diagram Fν for ν = (1, 4, 1, 0, 0) is the stack polyomino
Fδ,ν for δ = (4, 1, 0, 0). Right: The stack polyomino Fδ′,ν for the same ν and
δ′ = (2, 1, 0, 0) is obtained from permuting the columns of Fν according to δ′.

3.3. The edge labeling and rowmotion of alt ν-Tamari lattices. Using the description of
alt ν-Tamari lattices in terms of (δ, ν)-trees, Müller proposed in [39] a way to label each cover
relation T ⋖T ′ with a certain box bT,T ′ of the stack polyomino Fδ,ν . Since alt ν-Tamari lattices are
semidistributive, they also admit a canonical labeling, as described in Section 2, which assigns to
each cover relation T ⋖T ′ a certain join-irreducible element jT,T ′ . In fact, these two labelings coin-
cide, as shown in [39]. This box labeling provides a first description of rowmotion on alt ν-Tamari
lattices.

Reusing the notations from Section 3.2, let T ⋖T ′ be a cover relation in the alt ν-Tamari lattice
Tamν(δ) described on trees, and let q and q′ be the corresponding ascent of T and descent of T ′

that are exchanged. The nodes q and q′ are the bottom left and top right corners of a rectangle,
whose bottom right corner r is also a node of T and T ′. We label the cover relation T ⋖ T ′ with
the box bT,T ′ of Fδ,ν whose bottom right corner is r, as illustrated in Figure 8, where the rectangle

7x1

Nν(x) = 1 + 7x + 7x2

1−Nν(−1) = 1− (1− 7 + 7) = 0

Theorem (Müller 2026)

Euler characteristic: χ(∆Tamν(δ)) = 1−Nν(−1).
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Topology

Topology

Theorem (Müller 2026)

The canonical join complex ∆δ,ν of alt ν-Tamari lattices
is vertex decomposable. In particular, it is shellable.

It follows from the work of Björner and Wachs that ∆δ,ν

is homotopy equivalent to a wedge of spheres.
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Topology

Homology: Invariance

Theorem (Müller 2026)

For a fixed ν = NEν1 . . .NEνn , the number of
(n − 2)-dimensional spheres is constant for all
alt ν-Tamari lattices.
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Topology

Homology: Example

=

S1S1S0
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Topology

Homology

ν = NEν1 . . .NEνn , νi ≥ 2, 1 ≤ i ≤ n,
ν̄ = NEν1−2 . . .NEνn−2

Theorem (Müller 2026)

# (n − 2)-spheres = #ν̄-Dyck paths
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Figure 6. Left: The Ferrers diagram Fν for ν = (1, 4, 1, 0, 0) is the stack polyomino
Fδ,ν for δ = (4, 1, 0, 0). Right: The stack polyomino Fδ′,ν for the same ν and
δ′ = (2, 1, 0, 0) is obtained from permuting the columns of Fν according to δ′.

3.3. The edge labeling and rowmotion of alt ν-Tamari lattices. Using the description of
alt ν-Tamari lattices in terms of (δ, ν)-trees, Müller proposed in [39] a way to label each cover
relation T ⋖T ′ with a certain box bT,T ′ of the stack polyomino Fδ,ν . Since alt ν-Tamari lattices are
semidistributive, they also admit a canonical labeling, as described in Section 2, which assigns to
each cover relation T ⋖T ′ a certain join-irreducible element jT,T ′ . In fact, these two labelings coin-
cide, as shown in [39]. This box labeling provides a first description of rowmotion on alt ν-Tamari
lattices.

Reusing the notations from Section 3.2, let T ⋖T ′ be a cover relation in the alt ν-Tamari lattice
Tamν(δ) described on trees, and let q and q′ be the corresponding ascent of T and descent of T ′

that are exchanged. The nodes q and q′ are the bottom left and top right corners of a rectangle,

LPC 2026 Matthias Müller 17 / 20

17



Topology

Special case: m-Tamari lattice
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Topology

Special case: m-Tamari lattice

Corollary (Müller 2026)

For ν = (NEm)n with n,m ≥ 2, the number of
(n − 2)-spheres is given by the shifted Fuss-Catalan
number

1
(m − 2)n + 1

(
(m − 1)n

n

)
.
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Excerpt

The box complex is a universal tool
designed to make everything simpler.

Matthias Müller
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