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Integer partitions

A partition of a non-negative integer n is a non-increasing sequence
A= (A1, A2,..., ) of positive integers such that A\ + Ao + -+ A\g = n.

@ The integer n = || is the weight of .

@ The integers Ay are the parts of A.
@ The integer ¢ is the length of \.
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Integer partitions

A partition of a non-negative integer n is a non-increasing sequence
A= (A1, A2,..., ) of positive integers such that A\ + Ao + -+ A\g = n.

@ The integer n = || is the weight of .

@ The integers Ay are the parts of A.
@ The integer ¢ is the length of \.

Example: Partitions of 5:
(5) (41) (3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)

Young diagrams:

[ ] |
L[]
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Generating functions

Notation :
n—1
(a)n=(a;q)n = H(l — ag®) for n € NU {00},
k=0

(81, ey am)k = (al, ey dm, q)k = (al)k s (am)k.
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Generating functions

Notation :
n—1
(@)n=(aiq)n=[J(1- aq”) for n € NU {0},
k=0
(al, ey am)k = ({:117 ey dm, q)k = (al)k cee (am)k.

If Pin(n) is the number of partitions of n into parts congruent to
k mod N:

Z Pr,n(n)q" = !

k. 4N :
n>0 (q v q )OO

If px(n) is the number of partitions of n into parts at most k (or
equivalently, at most k parts):

> pu(n)g" = !

n>0 (a0 9)k
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The Rogers—Ramanujan identities

Rogers 1894, Ramanujan 1914, Rogers—Ramanujan 1919
Let a € {0,1}. Then

qn2+(1—a)n B 1

n>0 (q)” ; (qZ_a 3+a )
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The Rogers—Ramanujan identities

Rogers 1894, Ramanujan 1914, Rogers—Ramanujan 1919
Let a € {0,1}. Then

n’+(1—a)n 1

(@n  (6>2,6°%¢°)

q

n>0

Combinatorial version (MacMahon 1916)

Let a € {0,1}. The number of partitions A of n with difference condition

Ai — Aix1 > 2 for all i, s.t. the part 1 appears at most a times, is equal to
the number of partitions of n into parts congruent to +(2 — a) modulo 5.
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The Rogers—Ramanujan identities

Rogers 1894, Ramanujan 1914, Rogers—Ramanujan 1919
Let a € {0,1}. Then

qn2+(1—a)n B 1

n>0 (q)n ; (qZ_a 3+a )

Combinatorial version (MacMahon 1916)

Let a € {0,1}. The number of partitions A of n with difference condition
Ai — Aix1 > 2 for all i, s.t. the part 1 appears at most a times, is equal to
the number of partitions of n into parts congruent to +(2 — a) modulo 5.

Appear in combinatorics (Andrews, Bressoud, Warnaar,...), statistical
mechanics (Andrews, Baxter,...), number theory (Ono, Zagier,...),
representation theory (Lepowski, Milne, Wilson,...), algebraic geometry
(Mourtada,...),...
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The Andrews—Gordon identities

Theorem (Gordon 1961)

Let k >1and0<r <k

Let T; k(n) be the set of partitions X of n with difference condition
Ai — Aiyk > 2 for all i, s.t. the part 1 appears at most (k — r) times.
Let & «(n) be the set of partitions of n into parts not congruent to
0,+(k — r 4+ 1) modulo 2k + 3.

Then for all n, |T; k(n)| = |E k(n)].
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The Andrews—Gordon identities

Theorem (Gordon 1961)

Let k > 1 and 0 < r < k.

Let T; k(n) be the set of partitions \ of n with difference condition
Ai — Aiyk > 2 for all i, s.t. the part 1 appears at most (k — r) times.
Let & (n) be the set of partitions of n into parts not congruent to
0,+(k — r 4+ 1) modulo 2k + 3.

Then for all n, |T; k(n)| = |E k(n)].

Theorem (Andrews—Gordon identities (Andrews 1974))

Let k > 1 and 0 < r < k be two integers. We have

S S2 s 1t tsk 2k4+3 k—r+1 k+rd2.
b ) 1

3 q _ (@ g q q

s> >85>0 (@si—s, - (@51 -5 (D)5, B (q)o

2k—|—3)Oo

The Rogers—Ramanujan identities correspond to the case k = 1.
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Combinatorial interpretation

For n > 0, the g-binomial coefficient is defined as:

H = @i

Note that [Z]quifk<Oork> n.
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Combinatorial interpretation

For n > 0, the g-binomial coefficient is defined as:

H = @i

Note that [Z]quifk<Oork> n.

It is the generating function for partitions with largest part < k and
number of parts < n — k, or equivalently partitions whose Young diagram
fits inside a k x (n — k) rectangle.
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Combinatorial interpretation

For n > 0, the g-binomial coefficient is defined as:

-
klg  (@)k(q)n—«
Note that [Z]q =0ifk<OQork>n.

It is the generating function for partitions with largest part < k and
number of parts < n — k, or equivalently partitions whose Young diagram
fits inside a k x (n — k) rectangle.

The sum-side of the Andrews—Gordon identities can be rewritten as:
qS%+"'+S£+5k7r+1+"'+5k

> =

§1>>5,>0 (q)51752 e (q)Skq*Sk(q)Sk

> gt TS Stk

512..‘25,(20 (q)51

s1 ] [ Sk—1 ]
si—s2lq  Lske1— sl
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Combinatorial interpretation

Using the expression

2 2
Z q51+'“+5k+5k—r+1+"‘+5k [ s } [ Sk_1 }

Y
s> >85>0 (q)Sl 51— 521q Sk—1 = Sklgq

there is a natural combinatorial interpretation of the sum side in terms of
Durfee squares (Andrews):

H2

ji

H3

sk [T
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Combinatorial interpretation

But it is not obvious combinatorially that

Z q

51>+ >5,>0 (q)51_52 U (q)sk—l_sk(q)sk

S22 sk rp1t+ sk

is the generating functions for partitions A in 7y, i.e. with difference
condition A\; — A\j;x > 2 for all i, s.t. the part 1 appears at most (k — r)

times.

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026 8/37



Combinatorial interpretation

But it is not obvious combinatorially that

Z q

51>+ >5,>0 (q)51_52 U (q)sk—l_sk(q)sk

S22 sk rp1t+ sk

is the generating functions for partitions A in 7y, i.e. with difference
condition A\; — A\j;x > 2 for all i, s.t. the part 1 appears at most (k — r)
times.

Andrews did it with recurrences.
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Combinatorial interpretation

But it is not obvious combinatorially that

Z q

51>+ >5,>0 (q)51_52 U (q)sk—l_sk(q)sk

S22 sk rp1t+ sk

is the generating functions for partitions A in 7y, i.e. with difference
condition A\; — A\j;x > 2 for all i, s.t. the part 1 appears at most (k — r)
times.

Andrews did it with recurrences.

Warnaar (1997) did it bijectively via particle motion.
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© Warnaar's particle motion
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Frequency sequences and lattice paths

Let X\ be a partition. The frequency sequence of X is the infinite sequence

(fi)i>1 such that for all i > 1, f; is the number of appearances of the part i
in A.

v

Graphical representation: lattice paths, or equivalently piles of boxes
The frequency sequence of (6,5,5,3,3,1,1,1,1) is (4,0,2,0,2,1,0,...).
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Reformulation in terms of frequency sequences

Theorem (Gordon 1961)

Let k> 1 and 0 < r < k.

Let T; «(n) be the set of partitions \ of n with difference condition
Ai — Aiyk > 2 for all i, s.t. the part 1 appears at most (k — r) times.
Equivalently, T; «(n) is the set of partitions X\ of n whose frequency
sequence (f;)i>1 satisfies

fi+ fiy1 < k for all i,
flgk—r.

Let £, k(n) be the set of partitions of n into parts not congruent to
0,+(k — r + 1) modulo 2k + 3.
Then for all n, | T, k(n)| = |E k(n)|.
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Warnaar's idea

In The Andrews-Gordon identities and q-multinomial coefficients, Comm.
Math. Phys. (1997), Warnaar proved a finite version of the
Andrews—Gordon identities. Let us decribe the sum side of this identity.

Let 7; . be the set of partitions A with frequency sequence (f;);>1 s.t.
fi + fix1 < k for all i,

flSk—r7
fi=0forall i > L.

Then
K Ts — syt m:
Soogh= qs12+--~+s§+sk_,+1+-~+skHlsj Sj+1 1 M;
AETr kL 512250 j=1 Sj — Sj+1 q

where the m;’s are related to Lie algebras and tend to co when L — oo.
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Warnaar's idea

k
Z q|>\| — Z qs§+---+s§+sk,,+1+---+sk H Sj — Sj+1 + mj
AETr kL 51>->5>0 j=1 Sj — Sj+1 q

Idea: any partition in 7, ; can be obtained in a unique way from a
minimal partition with weight S% +---+ 5,% + Sk—rt1+ -+ sk by
performing a certain number of particle motions.
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Warnaar's idea

k
Z qIAI — Z qs§+---+s§+sk,,+1+---+sk H Sj — Sj+1 + mj
AETr kL 51>->5,>0 j=1 Sj — Sj+1 q

Idea: any partition in 7, ; can be obtained in a unique way from a
minimal partition with weight S% +---+ 5,% + Sk—rt1+ -+ sk by
performing a certain number of particle motions.

For r = 0, the minimal partitions are of the shape
(h=k,L=0,...,k0,...,i,0,...,i,0,...,1,0,...,1,0,0,...).
—_————

Sk pairs Si—Siy+1 pairs s1—Sp pairs

Example: k = 4, 51 = 8,52 = 53 = 6,54 =2

0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
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Particle motion starting at index u

Let f be a frequency sequence.
Let u be an index such that, letting h := f, 4+ f,41,

fv+foe1 < hforall v>u.
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Particle motion starting at index u

Let f be a frequency sequence.
Let u be an index such that, letting h := f, 4+ f,41,

fv+foe1 < hforall v>u.

Repeat the following process

o If fyq1+ fur2 < h, then transform (fy, fy41) to (fy — 1, fuy1 + 1),
leave u unchanged (particle motion).

B
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Particle motion starting at index u

Let f be a frequency sequence.
Let u be an index such that, letting h := f, 4+ f,41,

fv+foe1 < hforall v>u.

Repeat the following process

o If fyq1+ fur2 < h, then transform (fy, fy41) to (fy — 1, fuy1 + 1),
leave u unchanged (particle motion).

B

o If fy41+ fur2 = h, then leave (f,, fy+1) unchanged, but change u to

u+ 1 (focus shift).
ﬂ — H

Jehanne Dousse (University of Geneva)

Particle motion
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Example of particle motion

— =

Application of 9 particle motions starting from index 1 in the frequency
sequence f = (4,0,2,0,3,1,0,0,---).

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026



Properties of particle motion

Let f = (fo, f1,...) be a frequency sequence and m be a non-negative
integer. Let u be a non-negative integer such that f, + f,4+1 = h and

fi+ fiy1 < hforall i>u.

We denote by me,m)(f) the frequency sequence obtained by applying
applying m particle motions starting at index v in f.

Properties

e For all m, |pm£,m)(f)| = |f| + m.
o If f satisfies the frequency conditions of Andrews—Gordon, so does
me,m)(f) for any m.
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Properties of particle motion

Let f = (fo, f1,...) be a frequency sequence and m be a non-negative
integer. Let u be a non-negative integer such that f, + f,4+1 = h and

fi+ fiy1 < hforall i>u.

We denote by me,"’)(f) the frequency sequence obtained by applying
applying m particle motions starting at index v in f.

Properties

e For all m, |pm£,m)(f)| = |f| + m.
o If f satisfies the frequency conditions of Andrews—Gordon, so does
me,m)(f) for any m.

: 2,1 g2 .
In Warnaar's formula: g1 i tSk—rt1TFSk comes from the minimal

partition described earlier, and _‘]l.(:]. [sffsf“erf

2+l } comes from the particle
Sji—Sj+1 q

motions.
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A generalised bijection (D.—Jouhet—Konan 2024,

D.—Jang—Jouhet 2025)

Main (simple) idea: allow parts of size 0.
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A generalised bijection (D.—Jouhet—Konan 2024,

D.—Jang—Jouhet 2025)

Main (simple) idea: allow parts of size 0.

From now on, a partition of a non-negative integer n is a finite
non-increasing sequence of non-negative integers A = (A1, A2,..., A\¢) such
that \i + Ao+ -+ Xp=n.

The frequency sequence of A is the infinite sequence (f;);>o such that for
all i > 0, f; is the number of appearances of the part i in A.

The parts equal to 0 contribute to the length of the partitions, but not to
their weight.
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Frame sequences

Definition

Let A= (AW, X@ . AK)) be a k-tuple of partitions, each of which may
be empty or contain parts 0. The weight || of X is defined by 3°; |A\()
and the length ((\) of X is defined by 3", ¢(\)). Let sy, ..., s sit.
51> --->s, >0 and E(/\(i)) = s; — siy1 for all i, where s 1 := 0.
The frame sequence associated to X is the frequency sequence

fs(A) = fs(s1, ..., sk)

= (fp=k,f=0,...,k0,...,i,0,...,i,0,...,1,0,...,1,0,0,...).

1

Sk pairs Si—Sjt1 pairs S1—Sp pairs
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Frame sequences

Definition

Let A= (AW, X@ . AK)) be a k-tuple of partitions, each of which may

be empty or contain parts 0. The weight || of X is defined by 3°; |A\()

and the length ((\) of X is defined by 3", ¢(\)). Let sy, ..., s sit.

51> --->s, >0 and E(/\(i)) = s; — siy1 for all i, where s 1 := 0.

The frame sequence associated to X is the frequency sequence

fs(A) = fs(s1, ..., sk)
=(fb=k,A=0,...,k0,...,i,0,...,i,0,...,1,0,...,1,0,0,...).

Sk pairs Si—Sjt1 pairs S1—Sp pairs

1

Ex: A=((3,1),0,(6,6,5,3),(19,0)) = k=4,51 =8,5p = 53 = 6,5 = 2

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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Definition

Let k be a non-negative integer. Define

Pi = {(A,fs(AX)) : X is a k-tuple of partitions} ,
Ay :={(fi)i>0 : fi + fix1 < k for all i > 0} .
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Definition

Let k be a non-negative integer. Define

Pr = {(A,fs(A)) : Xis a k-tuple of partitions} ,
Ay = {(f)io0 : fi + fiy1 < k for all i > 0}.

Theorem (D.—Jouhet—Konan 2024, reformulation D.—Jang—Jouhet

2025)
Let A\ : Py — Ay be defined by

As — Asq —
M) = (Pl o pml™ o - 0 pmfya ) o pmfia =) ) (M),

where (A1, Asi—2, .-, A, Ao) = (A, a8 AR A,

) s —Sp0 * ¢

Then N is a weight- and length-preserving bijection between P and Ay.
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Definition

Let k be a non-negative integer. Define

Pr = {(A,fs(A)) : Xis a k-tuple of partitions} ,
Ay = {(f)io0 : fi + fiy1 < k for all i > 0}.

Theorem (D.—Jouhet—Konan 2024, reformulation D.—Jang—Jouhet

2025)
Let A\ : Py — Ay be defined by

As — Asq —
M) = (Pl o pml™ o - 0 pmfya ) o pmfia =) ) (M),

where (A1, Asi—2, .-, A, Ao) = (A, a8 AR A,

y Ns1—sp0 * ° k

Then N is a weight- and length-preserving bijection between P and Ay.

This bijection induces many bijections between subsets of P, and Aj.
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Start from the frame sequence fs(\)
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

3 particle motions at index 14
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

HHAAAR. u

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

1 particle motion at index 12
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

[1__T1_

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

6 particle motions at index 10
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

[ ] [1_

L

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

6 particle motions at index 8
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

HHAA .

L S e S L e T ——

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

[ ] [1_

L

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

5 particle motions at index 6
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

00 ann o

LI S B e B L— ——

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

| [1_

L

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

3 particle motions at index 4
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

[1_

.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

| [1_

B e

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

19 particle motions at index 2
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

[1_

D

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

| [1_

B e

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

0 particle motions at index 0
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A, fs(A)) where A = ((3,1), 0, (6,6,5,3),(19,0))

| [1_

e e

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

final result
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o If A is a k-tuple of partitions, its frame sequence fs(A) satisfies
fi + fix1 < k for all i, and the particle motion preserves that property.
Thus A(X, fs(A)) € Ay for all A.

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026 20/37



o If A is a k-tuple of partitions, its frame sequence fs(A) satisfies
fi + fix1 < k for all i, and the particle motion preserves that property.
Thus A(X, fs(A)) € Ay for all A.

@ The (total) length and weight of (X, fs(\)) are preserved by A.
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o If A is a k-tuple of partitions, its frame sequence fs(A) satisfies
fi + fix1 < k for all i, and the particle motion preserves that property.
Thus A(X, fs(A)) € Ay for all A.

@ The (total) length and weight of (X, fs(\)) are preserved by A.

@ There is a procedure I : Ay — Pk which is the inverse of A. It is not
hard to describe (each step is the inverse of the steps in the previous
procedure), but proving that they are actually inverses of each other
requires some calculations.

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026 20/37



o If A is a k-tuple of partitions, its frame sequence fs(A) satisfies
fi + fix1 < k for all i, and the particle motion preserves that property.
Thus A(X, fs(A)) € Ak for all A

@ The (total) length and weight of (X, fs(\)) are preserved by A.

@ There is a procedure I : Ay — Pk which is the inverse of A. It is not
hard to describe (each step is the inverse of the steps in the previous
procedure), but proving that they are actually inverses of each other
requires some calculations.

o If we take
A =((1,1,...,1),(2,2,...,2),..., (k. k, ..., k),

—_——
S1—S2 $2—S3 Sk

then A(X, fs(X)) is Warnaar's minimal partition.
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Consequence of the bijection

Because A : Py — Ay is a weight-preserving bijection, we have

Z |>\\+|fS Ml — Z q

(A,fs()\))ePk AEA

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026



Consequence of the bijection

Because A : Py — Ay is a weight-preserving bijection, we have

Z |>\\+|fs Ml — Z q

(Afs(A))ePy AEA

On one hand:
Aw = {(f-);>o L fi+ firn < k for all i > 0}

—|_|{ i)i>o0 : fi + fix1 < k for all i > 0 and fy = r}

~|_|{ iz0 : fi+ fiy1 < k forall i >0and f < k — r}

= |_| Tr k-
r=0
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Consequence of the bijection

Hence, by the Andrews—Gordon identities,

T i :Ek: T g

AEA r=0XeT; «
k 2k+3 k—r+1 .k 2. 2k+3
(%3, g"rtl, gftrte; g? )

r=0 (@)oo
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Consequence of the bijection

Hence, by the Andrews—Gordon identities,

T i :Ek: T g

AEA, r=0 AET,
k _
B (K3, gh—r+1, gh+r+2; g2k+3)
r=0 (q)oo
On the other hand, by definition of P,
22 e
O] _ g T
>, 4 = > :
(A,fs()\))E'Pk 512"'25k20 (q)51,52 e (q)skil—sk(q)sk
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Consequence of the bijection

Hence, by the Andrews—Gordon identities,

T g :Ek: T g

AEA, r=0 AET,
k _
B (K3, gh—r+1, gh+r+2; g2k+3)
r=0 (q)oo
On the other hand, by definition of P,
22 e
O] _ g T
>, 4 = > :
(A,fS(A))E'Pk 512..,25/(20 (q)51,52 e (q)skil—sk(q)sk

Corollary (Bressoud 1980)

2442 k 2k+3 k—r+1 k+r+2. 2k+3
git s (°F3, "1, g2, ¢* %)

r=0 (q)oo

2

51> >85>0 (q)51_52 et (q)sk—l_sk(q)sk -
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Outline

e Applications
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o Consider subsets of A, and Py on which the bijection A induces a
bijection.
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General idea

o Consider subsets of A, and Py on which the bijection A induces a
bijection.

@ Compute the generating function for the subset of Py using the
combinatorics of the pairs (A, fs(A)). This gives an expression in the
style of the sum-side of the Andrews—Gordon identities for the
generating function of the subset of Ay.
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General idea

o Consider subsets of A, and Py on which the bijection A induces a
bijection.

@ Compute the generating function for the subset of Py using the
combinatorics of the pairs (A, fs(A)). This gives an expression in the
style of the sum-side of the Andrews—Gordon identities for the
generating function of the subset of Ay.

@ If one wants to prove Andrews—Gordon type identities, one can also
find an expression for the generating function of the subset of A
under consideration as a sum of products, using the Andrews—Gordon
identities.
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An important subset of Py

Definition
Let j, r, and k be non-negative integers such that j + r < k. Define
‘X:/',r,k = |_| {fS(Sl,...,Sk)} X )(1'7,(51,...,5;(),
s12>-2>5,>0

where X (s, ... ,sx) is the set of k-tuples A = (A1), ... A(K)) st Vm,
@ the length of A(m) s Sm — Sm+1, and
o each part of A(™) is at least m — j + max{m — (k — r), 0}
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An important subset of Py

Definition
Let j, r, and k be non-negative integers such that j + r < k. Define
‘Xj,nk — |_| {fS(Sl,...,Sk)} X)<j,r(517~~-75k)7
512> 25,20

where X (s, ... ,sx) is the set of k-tuples A = (A1), ... A(K)) st Vm,
@ the length of A(m) s Sm — Sm+1, and
o each part of A(™) is at least m — j + max{m — (k — r), 0}

Proposition

gsi Tt s (st ) (Semrattse)

Z gl = Z

(AFS(N)EX, /i 025620 (Dams (Daca-s(d)s
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Let Py 4(n) be the number of partitions of n of length £ into parts at least
d. Then

n_ "
2, Praln)a” = (@)

n>0
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Let Py 4(n) be the number of partitions of n of length £ into parts at least
d. Then

Z Pr.a(n)q" = q—.

n>0 (q)ﬂ

Reminder: each part of A(™ is at least m — j + max{m — (k — r),0}.

Jj 1 k—r q(mfj)(sm*Serl)

> dv=1I

)‘e)<j,r(517--~75k) m=1 (q)sm*5m+1 m=j+1 (q)5m75m+1
k-1 q(2m—k+r—j)(sm—sm+1) q(k+r—j)5k
<11 x
m=k—r-+1 (q)Sm—Sm+1 (q)sk
q(sj+1+"'+Sk—’)+2(sk—’+1+"'+5k)

(q)51—52 e (q)sk—l—sk(q)sk .

O
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Recovering the sum-side of Andrews—Gordon

Remark: T; x C Ay.
Theorem (D.-Jouhet—Konan 2024)

The map N induces a bijection between Xy, and Ty k.
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Recovering the sum-side of Andrews—Gordon

Remark: T; x C Ay.
Theorem (D.-Jouhet—Konan 2024)

The map N induces a bijection between Xy, and Ty k.

Corollary: sum side of the Andrews—Gordon identities

q512+"'+5£+5k—r+1+‘“+5k

> at= X

AET, 4 §1>->5,>0 (Dsi—s2 -+ - (Dse_1-s(Dsi
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Recovering the sum-side of Andrews—Gordon

Remark: T; x C Ay.
Theorem (D.-Jouhet—Konan 2024)

The map N induces a bijection between Xy, and Ty k.

Corollary: sum side of the Andrews—Gordon identities

q512+“'+5£+5k—r+1+“'+5k

> at= X

AET, 4 §1>->5,>0 (Dsi—s2 -+ - (Dse_1-s(Dsi

Xo,r(S1,...,5k) is the set of k-tuples XA = A® ..., AK)) st each part of
MM is at least m + max{m — (k — r),0}, i.e. at least

m fm<k-—r,

2m—k+r itm>k—r.

The minimal partitions of Warnaar correspond to the minimal partitions
satisfying these conditions.
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Stanton’s identities

Theorem (Stanton 2018)

Let j,r >0 and k > 1 be integers such that j + r < k. Then

>

51> >5.>0 (q)51—52 co (q)Skfl—Sk(q)Sk

qsf+~-~+s§—sl—~~—sj+sk_,+1+~~+sk

J 2k+3 k+1—r+j—2s k+24+r—j+2s. 2k+3
(q°F+3, gitimrtmes girerrmites, g2k 3

s=0 (q)oo

For j = 0 this reduces to Andrews—Gordon, while for r = 0 it yields the
other identity of Bressoud proved via our bijection.
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Stanton’s identities
Theorem (Stanton 2018)

Let j,r >0 and k > 1 be integers such that j + r < k. Then

qsl2+~~~+5,f—51—"~—Sj+5k—r+1+~-~+5k

51> >5.>0 (q)51—52 co (q)Skfl—Sk(q)Sk
J (q2k+3’ qk+1—r+j—257 qk+2+r—j+2s; qzk+3)oo

s=0 (q)oo

For j = 0 this reduces to Andrews—Gordon, while for r = 0 it yields the
other identity of Bressoud proved via our bijection.

Question (Stanton 2024)
Can you prove this identity with your bijection?
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Stanton’s identities
Theorem (Stanton 2018)

Let j,r >0 and k > 1 be integers such that j + r < k. Then

qsl2+~~~+5,f—51—"~—Sj+5k—r+1+~-~+5k

51> >5.>0 (q)51—52 co (q)Skfl—Sk(q)Sk
J (q2k+3’ qk+1—r+j—257 qk+2+r—j+2s; qzk+3)oo

s=0 (q)oo

For j = 0 this reduces to Andrews—Gordon, while for r = 0 it yields the
other identity of Bressoud proved via our bijection.

Question (Stanton 2024)
Can you prove this identity with your bijection?

Answer (D.—Jang—Jouhet 2025) : Yes!
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@ Recall that
2 2
gsittsi (it ) (skeriattse)
T gENZ Y ’
(Afs(A))EX) & s1>>5,>0 (q)51—52 T (q)sk—l—sk(q)sk

which is exactly the sum side of Stanton’s identity.

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026 28 /37



@ Recall that
2 2
q51+"’+5k—(51+"'+5j)+(5k7r+1+"'+5k)
T gENZ Y ’
(Afs(A))EX) & s1>>5,>0 (q)51—52 T (q)sk—l—sk(q)sk

which is exactly the sum side of Stanton’s identity.

@ We show that the bijection A induces a bijection between X, , C Pk
and Zj , , C Ay, where
Zirk =A{(fi)izo: fitfiy1 < kVi >0, fo < j—max{fo+hH—(k—r),0}}.

But this is not immediately related to Andrews—Gordon.
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@ Recall that
2 2
q51+"’+5k—(51+"'+5j)+(5k7r+1+"'+5k)
T gENZ Y ’
(Afs(A))EX) & s1>>5,>0 (q)51—52 T (q)sk—l—sk(q)sk

which is exactly the sum side of Stanton’s identity.

@ We show that the bijection A induces a bijection between X, , C Pk
and Zj , , C Ay, where

Zirk =A{(fi)izo: fitfiy1 < kVi >0, fo < j—max{fo+hH—(k—r),0}}.

But this is not immediately related to Andrews—Gordon.

e We give a (not length-preserving, but weight-preserving) bijection
between Z; , , and some other set ), , x by modifying only the
frequencies of 0.
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@ This new set ); , i is more clearly related to Andrews—Gordon. Indeed,

Virk ={(f)iz0: fi+ fira <k Vi>0
and fo € {{ +max{{ —(j—r),0}:0< ¢ <j}},

which can be written as a disjoint union of sets

Yok ={(fi)izo: fi+ fiyx1 < kVi>0and fy =s}.
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@ This new set ); , i is more clearly related to Andrews—Gordon. Indeed,

Virk ={(f)iz0: fi+ fira <k Vi>0
and fo € {{ +max{{ —(j—r),0}:0< ¢ <j}},

which can be written as a disjoint union of sets
Ys,k = {(f,'),'zo : f, + ﬁ+1 < kVi>0and fo = S}.

@ By Andrews—Gordon,

il _ i _ (g q q
> a=>gq

fEYsx AeTox (q)oo

2k+3 k+1—s k+2+s. 2k+3)
Y Y ! o0

)

q

and we deduce

J 2k+3 k+1—r+j—2 k4+24r—j+2s. 2k+3
(q +,q+ r+j s’q++r1+s,q +)Oo

> d=3

eV rk s=0 (q)OO
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@ By the bijections,
A O A CEEE R )
51> >8>0 (q)$1—52 T (q)Sk_1—Sk(q)Sk

=Y e
(A fs(A))EX] r i

= Y g

fez;

j,rok
= Z qlfl
feyj,r,k
J 2k+3 k+1—r+j—2 k+24r—j+2s. 2k+3
R o G Y R O
= (9)oo
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Bressoud’s identities

Theorem (Bressoud 1980)

Let r and k be integers with k > 1 and 0 < r < k. Then

2

51> >8>0 (q)51752 o (q)Sk_lfsk(qz; qz)Sk B (q)OO

q512+---+s,f+sk_,+1+m+sk (q2k+2 qhHi=r gk+isr, q2k+2)oo
) 1

Combinatorial version

Let U, x(n) be the set of partitions of n whose frequency sequence satisfies

o fi+ fiy1 < k for all i,

e A <k—r

o if fi + fiy1 = k for some i, then if; + (i + 1)fit1 = k — r (mod 2).
Let F, x(n) be the set of partitions of n into parts not congruent to
0,£(k — r + 1) modulo 2k + 2. Then for all n, |U, k(n)| = |Fr k(n)].

D.—Jouhet—Konan 2024: proof of the sum-side via the bijection.
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Stanton’s identities, Bressoud style

Theorem (Stanton 2018)
Let j,r >0 and k > 1 be integers such that j + r < k. Then

qsf+---+s§—sl—---—sj+sk,,+1+---+sk

512...25k20(q)51—52 e (q)sk—l_sk(qz; q2)5k
J (q2k+2, qk+1—r+j—2s, qk+1+r—j+25; q2k+2)oo

s=0 (q)oo

For j = 0 this reduces to Bressoud's identities, while for r = 0 it yields
another identity of Bressoud proved via the bijection by D.—Jouhet—Konan.
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Stanton’s identities, Bressoud style

Theorem (Stanton 2018)
Let j,r >0 and k > 1 be integers such that j + r < k. Then

qsf+---+s§—sl—---—sj+sk,,+1+---+sk

512...25k20(q)51—52 T (q)sk—l_sk(q2; q2)5k

J 2k+2 k+1—r+j—2 k4+14r—j+2s. 2k+2
(q +,q+ r+j S,q++ff+5,q +)oo

N s=0 (q)oo

For j = 0 this reduces to Bressoud's identities, while for r = 0 it yields
another identity of Bressoud proved via the bijection by D.—Jouhet—Konan.

D.—Jang—Jouhet 2025

This identity can also be proved via the bijection (using Bressoud's
identity as ingredient).
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Kursungoz' identities

Theorem (Kursungoz 2016)

Let Z:lnk be the set of partitions whose frequency sequence satisfies
o fi+ fir1 < k for all i,
e A <k—r
o iffi + fiy1 = k for some i, then ifi + (i + 1)fiy1 = k—r+1 (mod 2).

w__ 1
I O

AGLN{,,,(

((q2k+27 qk+r7 kfr+2; q2k+2)oo

q

+ q(q2/<-i-27 qk+2+r7 qk—r. q2k+2)oo)-

Theorem (D.-Jouhet—Konan 2024)

Z N Z q512+"'+5z+5k—r+1+"'+5k—1+25k
q =
/\eﬁ . 51> >8>0 (q)51752 ce (q)skflfsk(q2; q2)5k
L > >5>
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New Stanton-type generalisation of Kursungéz' identities

Theorem (D.—Jang—Jouhet 2025)
Let j,r >0 and k > 1 be integers such that j + r < k. Then

S2e 4 $2— 51— — S Skpp1FHSk—1125%

q
51> >8>0 (q)51—52 ce (q)sk—l_sk(qz; q2)5k

J 2k+2 k+2—r+j—2 k4+r—j+2s. 2k+2
1 <(q+,q+ rHi=2s gktr—i+2s; q2k+2)

1494 (9)oo
(q2k+2’ ghk—THi=2s gk+2+r—jit2s, q2k+2)oo>

(@)

+q

v

For j = 0 this reduces to Kursungdz' identities, while for r = 0 it yields
another identity of D.—Jouhet—Konan related to Kursungéz' identities
obtained via the bijection.
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|dentities with parity restrictions

Theorem (Andrews 2010)
Let Wy, denote the set of frequency sequences (f;);j>1 such that

o fi+ fiy1 < k for all i,

e f1 <a,

e f; iseven ifi is even (i.e. even parts appear an even number of times).
For k > a>0 and k = a (mod 2),

244 524+25511+255 13+ +25,1

> dl= X :

FEWk.a 51> >8>0 (9% 9%)s1—s, -+ (% q2)5k—1*5k(q2; q2)sk
_ (_q; qZ)Oo(qa—l-l7 q2k+3—a7 q2k+4; q2k+4)oo
(4% G*) o

There are similar theorems with other parity conditions by Andrews
(2010), Kursungdz (2010), Kim-Yee (2013).
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|dentities with parity restrictions

Theorem (D.—Jang 2026, Stanton-type generalisation)

For non-negative integers a, b, and k with 2a+2b < k, let ZZ , be the
set of all frequency sequences (f;)i>o such that

o fi+fix1 <k foralli>0,
o fyp <2aand?2fy+f < k—2b+ 23,

e f; is even ifi is even (i.e. even parts appear an even number of times).

q512+"'+5£—2(52+54+"'+52.a)+2(5k—2b+1 +Sk—2br3+++5k—1)

axThse (@ @)si—s (%675 - (0 0%)s,

k+1+2a—2b—4s k+3—2a+2b+4s 2k+4. 2k+4)
’ ) 1 q [e]

(—4:9)(q q
= (9% ¢%)

q

When a = 0, this reduces to Andrews’ Theorem.
We also have similar generalisations of the results with other parity
conditions. All the proofs use particle motion.
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What's next?

@ Interpretation as a different type of lattice paths and finite versions
(D.—Jang—Jouhet-Nadeau, work in progress)

@ Open problem:

Theorem (Stanton 2018)
Let j,r >0 and k > 1 be integers such that j + r < k. Then

Z g st q T I+ g ) (14 g% ) - (14 g1 )
§1>- >8>0 (q)51*52 T (q)s;(_1*$k(q)$k

_ ZJ: (J) (qPK+3, ghHlmrti=2s gk+2+r—j+2s, g
s=0 S (q)OO

Can this identity be proved via particle motion?

2/<+3)OO
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Thank you very much!
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