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Integer partitions

Definition
A partition of a non-negative integer n is a non-increasing sequence
λ = (λ1, λ2, . . . , λℓ) of positive integers such that λ1 + λ2 + · · · + λℓ = n.

The integer n = |λ| is the weight of λ.
The integers λk are the parts of λ.
The integer ℓ is the length of λ.

Example: Partitions of 5:
(5) (4, 1) (3, 2) (3, 1, 1) (2, 2, 1) (2, 1, 1, 1) (1, 1, 1, 1, 1)

Young diagrams:

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026 2 / 37



Integer partitions

Definition
A partition of a non-negative integer n is a non-increasing sequence
λ = (λ1, λ2, . . . , λℓ) of positive integers such that λ1 + λ2 + · · · + λℓ = n.

The integer n = |λ| is the weight of λ.
The integers λk are the parts of λ.
The integer ℓ is the length of λ.

Example: Partitions of 5:
(5) (4, 1) (3, 2) (3, 1, 1) (2, 2, 1) (2, 1, 1, 1) (1, 1, 1, 1, 1)

Young diagrams:

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026 2 / 37



Generating functions
Notation :

(a)n = (a; q)n =
n−1∏
k=0

(1 − aqk) for n ∈ N ∪ {∞},

(a1, . . . , am)k = (a1, . . . , am; q)k := (a1)k · · · (am)k .

If Pk,N(n) is the number of partitions of n into parts congruent to
k mod N: ∑

n≥0
Pk,N(n)qn = 1

(qk ; qN)∞
.

If pk(n) is the number of partitions of n into parts at most k (or
equivalently, at most k parts):∑

n≥0
pk(n)qn = 1

(q; q)k
.
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The Rogers–Ramanujan identities

Rogers 1894, Ramanujan 1914, Rogers–Ramanujan 1919
Let a ∈ {0, 1}. Then

∑
n≥0

qn2+(1−a)n

(q)n
= 1

(q2−a, q3+a; q5)∞
.

Combinatorial version (MacMahon 1916)
Let a ∈ {0, 1}. The number of partitions λ of n with difference condition
λi − λi+1 ≥ 2 for all i , s.t. the part 1 appears at most a times, is equal to
the number of partitions of n into parts congruent to ±(2 − a) modulo 5.

Appear in combinatorics (Andrews, Bressoud, Warnaar,...), statistical
mechanics (Andrews, Baxter,...), number theory (Ono, Zagier,...),
representation theory (Lepowski, Milne, Wilson,...), algebraic geometry
(Mourtada,...),...
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The Andrews–Gordon identities

Theorem (Gordon 1961)
Let k ≥ 1 and 0 ≤ r ≤ k.
Let Tr ,k(n) be the set of partitions λ of n with difference condition
λi − λi+k ≥ 2 for all i , s.t. the part 1 appears at most (k − r) times.
Let Er ,k(n) be the set of partitions of n into parts not congruent to
0, ±(k − r + 1) modulo 2k + 3.
Then for all n, |Tr ,k(n)| = |Er ,k(n)|.

Theorem (Andrews–Gordon identities (Andrews 1974))
Let k ≥ 1 and 0 ≤ r ≤ k be two integers. We have

∑
s1≥···≥sk≥0

qs2
1 +···+s2

k +sk−r+1+···+sk

(q)s1−s2 . . . (q)sk−1−sk (q)sk

= (q2k+3, qk−r+1, qk+r+2; q2k+3)∞
(q)∞

.

The Rogers–Ramanujan identities correspond to the case k = 1.
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Combinatorial interpretation
For n ≥ 0, the q-binomial coefficient is defined as:[n

k

]
q

:= (q)n
(q)k(q)n−k

.

Note that
[ n

k
]
q = 0 if k < 0 or k > n.

It is the generating function for partitions with largest part ≤ k and
number of parts ≤ n − k, or equivalently partitions whose Young diagram
fits inside a k × (n − k) rectangle.

The sum-side of the Andrews–Gordon identities can be rewritten as:

∑
s1≥···≥sk≥0

qs2
1 +···+s2

k +sk−r+1+···+sk

(q)s1−s2 · · · (q)sk−1−sk (q)sk

=

∑
s1≥···≥sk≥0

qs2
1 +···+s2

k +sk−r+1+···+sk

(q)s1

[ s1
s1 − s2

]
q

· · ·
[ sk−1

sk−1 − sk

]
q

.
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Combinatorial interpretation
Using the expression∑

s1≥···≥sk≥0

qs2
1 +···+s2

k +sk−r+1+···+sk

(q)s1

[ s1
s1 − s2

]
q

· · ·
[ sk−1

sk−1 − sk

]
q

,

there is a natural combinatorial interpretation of the sum side in terms of
Durfee squares (Andrews):

µ1

µ2

µ3

µ4

s1

s2

s3

s4
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Combinatorial interpretation

But it is not obvious combinatorially that

∑
s1≥···≥sk≥0

qs2
1 +···+s2

k +sk−r+1+···+sk

(q)s1−s2 · · · (q)sk−1−sk (q)sk

is the generating functions for partitions λ in Tr ,k , i.e. with difference
condition λi − λi+k ≥ 2 for all i , s.t. the part 1 appears at most (k − r)
times.

Andrews did it with recurrences.

Warnaar (1997) did it bijectively via particle motion.
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Frequency sequences and lattice paths

Definition
Let λ be a partition. The frequency sequence of λ is the infinite sequence
(fi)i≥1 such that for all i ≥ 1, fi is the number of appearances of the part i
in λ.

Graphical representation: lattice paths, or equivalently piles of boxes
The frequency sequence of (6, 5, 5, 3, 3, 1, 1, 1, 1) is (4, 0, 2, 0, 2, 1, 0, . . . ).

0 1 2 3 4 5 6

1

2

3

4
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Reformulation in terms of frequency sequences

Theorem (Gordon 1961)
Let k ≥ 1 and 0 ≤ r ≤ k.
Let Tr ,k(n) be the set of partitions λ of n with difference condition
λi − λi+k ≥ 2 for all i , s.t. the part 1 appears at most (k − r) times.
Equivalently, Tr ,k(n) is the set of partitions λ of n whose frequency
sequence (fi)i≥1 satisfies

fi + fi+1 ≤ k for all i ,
f1 ≤ k − r .

Let Er ,k(n) be the set of partitions of n into parts not congruent to
0, ±(k − r + 1) modulo 2k + 3.
Then for all n, |Tr ,k(n)| = |Er ,k(n)|.
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Warnaar’s idea

In The Andrews-Gordon identities and q-multinomial coefficients, Comm.
Math. Phys. (1997), Warnaar proved a finite version of the
Andrews–Gordon identities. Let us decribe the sum side of this identity.

Let Tr ,k,L be the set of partitions λ with frequency sequence (fi)i≥1 s.t.

fi + fi+1 ≤ k for all i ,
f1 ≤ k − r ,

fi = 0 for all i ≥ L.

Then

∑
λ∈Tr,k,L

q|λ| =
∑

s1≥···≥sk≥0
qs2

1 +···+s2
k +sk−r+1+···+sk

k∏
j=1

[
sj − sj+1 + mj

sj − sj+1

]
q

,

where the mj ’s are related to Lie algebras and tend to ∞ when L → ∞.
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Warnaar’s idea

∑
λ∈Tr,k,L

q|λ| =
∑

s1≥···≥sk≥0
qs2

1 +···+s2
k +sk−r+1+···+sk

k∏
j=1

[
sj − sj+1 + mj

sj − sj+1

]
q

.

Idea: any partition in Tr ,k,L can be obtained in a unique way from a
minimal partition with weight s2

1 + · · · + s2
k + sk−r+1 + · · · + sk by

performing a certain number of particle motions.

For r = 0, the minimal partitions are of the shape
(f1 = k, f2 = 0, . . . , k, 0︸ ︷︷ ︸

sk pairs

, . . . , i , 0, . . . , i , 0︸ ︷︷ ︸
si −si+1 pairs

, . . . , 1, 0, . . . , 1, 0︸ ︷︷ ︸
s1−s2 pairs

, 0, . . . ).

Example: k = 4, s1 = 8, s2 = s3 = 6, s4 = 2

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
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Particle motion starting at index u
Let f be a frequency sequence.
Let u be an index such that, letting h := fu + fu+1,

fv + fv+1 ≤ h for all v ≥ u.

Repeat the following process
If fu+1 + fu+2 < h, then transform (fu, fu+1) to (fu − 1, fu+1 + 1),
leave u unchanged (particle motion).

⇒

If fu+1 + fu+2 = h, then leave (fu, fu+1) unchanged, but change u to
u + 1 (focus shift).

→
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Example of particle motion

⇒ ⇒ → ⇒

⇒ → ⇒ →

→ ⇒ ⇒ ⇒

→ ⇒
Application of 9 particle motions starting from index 1 in the frequency
sequence f = (4, 0, 2, 0, 3, 1, 0, 0, · · · ).
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Properties of particle motion

Let f = (f0, f1, . . . ) be a frequency sequence and m be a non-negative
integer. Let u be a non-negative integer such that fu + fu+1 = h and
fi + fi+1 ≤ h for all i ≥ u.
We denote by pm(m)

u (f ) the frequency sequence obtained by applying
applying m particle motions starting at index u in f .

Properties
For all m, |pm(m)

u (f )| = |f | + m.
If f satisfies the frequency conditions of Andrews–Gordon, so does
pm(m)

u (f ) for any m.

In Warnaar’s formula: qs2
1 +···+s2

k +sk−r+1+···+sk comes from the minimal
partition described earlier, and

∏k
j=1

[
sj −sj+1+mj

sj −sj+1

]
q

comes from the particle
motions.
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A generalised bijection (D.–Jouhet–Konan 2024,
D.–Jang–Jouhet 2025)

Main (simple) idea: allow parts of size 0.

From now on, a partition of a non-negative integer n is a finite
non-increasing sequence of non-negative integers λ = (λ1, λ2, . . . , λℓ) such
that λ1 + λ2 + · · · + λℓ = n.

The frequency sequence of λ is the infinite sequence (fi)i≥0 such that for
all i ≥ 0, fi is the number of appearances of the part i in λ.

The parts equal to 0 contribute to the length of the partitions, but not to
their weight.
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Frame sequences

Definition
Let λ = (λ(1), λ(2), . . . , λ(k)) be a k-tuple of partitions, each of which may
be empty or contain parts 0. The weight |λ| of λ is defined by

∑
i |λ(i)|,

and the length ℓ(λ) of λ is defined by
∑

i ℓ(λ(i)). Let s1, . . . , sk s.t.
s1 ≥ · · · ≥ sk ≥ 0 and ℓ(λ(i)) = si − si+1 for all i , where sk+1 := 0.
The frame sequence associated to λ is the frequency sequence
fs(λ) = fs(s1, . . . , sk)

:= (f0 = k, f1 = 0, . . . , k, 0︸ ︷︷ ︸
sk pairs

, . . . , i , 0, . . . , i , 0︸ ︷︷ ︸
si −si+1 pairs

, . . . , 1, 0, . . . , 1, 0︸ ︷︷ ︸
s1−s2 pairs

, 0, . . . ).

Ex: λ = ((3, 1), ∅, (6, 6, 5, 3), (19, 0)) ⇒ k = 4, s1 = 8, s2 = s3 = 6, s4 = 2

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026 17 / 37



Frame sequences

Definition
Let λ = (λ(1), λ(2), . . . , λ(k)) be a k-tuple of partitions, each of which may
be empty or contain parts 0. The weight |λ| of λ is defined by

∑
i |λ(i)|,

and the length ℓ(λ) of λ is defined by
∑

i ℓ(λ(i)). Let s1, . . . , sk s.t.
s1 ≥ · · · ≥ sk ≥ 0 and ℓ(λ(i)) = si − si+1 for all i , where sk+1 := 0.
The frame sequence associated to λ is the frequency sequence
fs(λ) = fs(s1, . . . , sk)

:= (f0 = k, f1 = 0, . . . , k, 0︸ ︷︷ ︸
sk pairs

, . . . , i , 0, . . . , i , 0︸ ︷︷ ︸
si −si+1 pairs

, . . . , 1, 0, . . . , 1, 0︸ ︷︷ ︸
s1−s2 pairs

, 0, . . . ).

Ex: λ = ((3, 1), ∅, (6, 6, 5, 3), (19, 0)) ⇒ k = 4, s1 = 8, s2 = s3 = 6, s4 = 2

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026 17 / 37



The bijection

Definition
Let k be a non-negative integer. Define

Pk := {(λ, fs(λ)) : λ is a k-tuple of partitions} ,

Ak := {(fi)i≥0 : fi + fi+1 ≤ k for all i ≥ 0} .

Theorem (D.–Jouhet–Konan 2024, reformulation D.–Jang–Jouhet
2025)
Let Λ : Pk → Ak be defined by

Λ(λ, fs(λ)) =
(

pm(λ0)
0 ◦ pm(λ1)

2 ◦ · · · ◦ pm(λs1−2)
2(s1−2) ◦ pm(λs1−1)

2(s1−1)

)
(fs(λ)) ,

where (λs1−1, λs1−2, . . . , λ1, λ0) = (λ(1)
1 , . . . , λ

(1)
s1−s2 , . . . , λ

(k)
1 , . . . , λ

(k)
sk ).

Then Λ is a weight- and length-preserving bijection between Pk and Ak .
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Λ(λ, fs(λ)) where λ = ((3, 1), ∅, (6, 6, 5, 3), (19, 0))

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Start from the frame sequence fs(λ)
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Λ(λ, fs(λ)) where λ = ((3, 1), ∅, (6, 6, 5, 3), (19, 0))

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

3 particle motions at index 14
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Λ(λ, fs(λ)) where λ = ((3, 1), ∅, (6, 6, 5, 3), (19, 0))
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1 particle motion at index 12
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0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

6 particle motions at index 10
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Λ(λ, fs(λ)) where λ = ((3, 1), ∅, (6, 6, 5, 3), (19, 0))

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

6 particle motions at index 8
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Λ(λ, fs(λ)) where λ = ((3, 1), ∅, (6, 6, 5, 3), (19, 0))

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

5 particle motions at index 6
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Λ(λ, fs(λ)) where λ = ((3, 1), ∅, (6, 6, 5, 3), (19, 0))

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

3 particle motions at index 4
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Λ(λ, fs(λ)) where λ = ((3, 1), ∅, (6, 6, 5, 3), (19, 0))
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Λ(λ, fs(λ)) where λ = ((3, 1), ∅, (6, 6, 5, 3), (19, 0))

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

19 particle motions at index 2
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Λ(λ, fs(λ)) where λ = ((3, 1), ∅, (6, 6, 5, 3), (19, 0))
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Λ(λ, fs(λ)) where λ = ((3, 1), ∅, (6, 6, 5, 3), (19, 0))

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

0 particle motions at index 0
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Λ(λ, fs(λ)) where λ = ((3, 1), ∅, (6, 6, 5, 3), (19, 0))

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

final result

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026 19 / 37



Remarks

If λ is a k-tuple of partitions, its frame sequence fs(λ) satisfies
fi + fi+1 ≤ k for all i , and the particle motion preserves that property.
Thus Λ(λ, fs(λ)) ∈ Ak for all λ.

The (total) length and weight of (λ, fs(λ)) are preserved by Λ.
There is a procedure Γ : Ak → Pk which is the inverse of Λ. It is not
hard to describe (each step is the inverse of the steps in the previous
procedure), but proving that they are actually inverses of each other
requires some calculations.
If we take

λ := ((1, 1, . . . , 1)︸ ︷︷ ︸
s1−s2

, (2, 2, . . . , 2)︸ ︷︷ ︸
s2−s3

, . . . , (k, k, . . . , k)︸ ︷︷ ︸
sk

),

then Λ(λ, fs(λ)) is Warnaar’s minimal partition.
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Consequence of the bijection
Because Λ : Pk → Ak is a weight-preserving bijection, we have∑

(λ,fs(λ))∈Pk

q|λ|+| fs(λ)| =
∑

λ∈Ak

q|λ|.

On one hand:

Ak = {(fi)i≥0 : fi + fi+1 ≤ k for all i ≥ 0}

=
k⊔

r=0
{(fi)i≥0 : fi + fi+1 ≤ k for all i ≥ 0 and f0 = r}

∼
k⊔

r=0
{(fi)i≥0 : fi + fi+1 ≤ k for all i ≥ 0 and f1 ≤ k − r}

=
k⊔

r=0
Tr ,k .
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Consequence of the bijection
Hence, by the Andrews–Gordon identities,∑

λ∈Ak

q|λ| =
k∑

r=0

∑
λ∈Tr,k

q|λ|

=
k∑

r=0

(q2k+3, qk−r+1, qk+r+2; q2k+3)∞
(q)∞

.

On the other hand, by definition of Pk ,∑
(λ,fs(λ))∈Pk

q|λ|+| fs(λ)| =
∑

s1≥···≥sk≥0

qs2
1 +···+s2

k −s1−···−sk

(q)s1−s2 . . . (q)sk−1−sk (q)sk

.

Corollary (Bressoud 1980)

∑
s1≥···≥sk ≥0

qs2
1 +···+s2

k −s1−···−sk

(q)s1−s2 . . . (q)sk−1−sk (q)sk

=
k∑

r=0

(q2k+3, qk−r+1, qk+r+2; q2k+3)∞

(q)∞
.
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General idea

Consider subsets of Ak and Pk on which the bijection Λ induces a
bijection.

Compute the generating function for the subset of Pk using the
combinatorics of the pairs (λ, fs(λ)). This gives an expression in the
style of the sum-side of the Andrews–Gordon identities for the
generating function of the subset of Ak .
If one wants to prove Andrews–Gordon type identities, one can also
find an expression for the generating function of the subset of Ak
under consideration as a sum of products, using the Andrews–Gordon
identities.
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An important subset of Pk

Definition
Let j , r , and k be non-negative integers such that j + r ≤ k. Define

Xj,r ,k =
⊔

s1≥···≥sk≥0
{fs(s1, . . . , sk)} × Xj,r (s1, . . . , sk),

where Xj,r (s1, . . . , sk) is the set of k-tuples λ = (λ(1), . . . , λ(k)) s.t. ∀m,
the length of λ(m) is sm − sm+1, and
each part of λ(m) is at least m − j + max{m − (k − r), 0}

Proposition

∑
(λ,fs(λ))∈Xj,r,k

q|(fs(λ),λ)| =
∑

s1≥···≥sk≥0

qs2
1 +···+s2

k −(s1+···+sj )+(sk−r+1+···+sk)

(q)s1−s2 · · · (q)sk−1−sk (q)sk

.
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Proof

Lemma
Let Pℓ,d(n) be the number of partitions of n of length ℓ into parts at least
d . Then ∑

n≥0
Pℓ,d(n)qn = qdℓ

(q)ℓ
.

Reminder: each part of λ(m) is at least m − j + max{m − (k − r), 0}.

∑
λ∈Xj,r (s1,...,sk)

q|λ| =
j∏

m=1

1
(q)sm−sm+1

×
k−r∏

m=j+1

q(m−j)(sm−sm+1)

(q)sm−sm+1

×
k−1∏

m=k−r+1

q(2m−k+r−j)(sm−sm+1)

(q)sm−sm+1
× q(k+r−j)sk

(q)sk

= q(sj+1+···+sk−r )+2(sk−r+1+···+sk)

(q)s1−s2 · · · (q)sk−1−sk (q)sk

.
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Recovering the sum-side of Andrews–Gordon
Remark: Tr ,k ⊂ Ak .

Theorem (D.–Jouhet–Konan 2024)
The map Λ induces a bijection between X0,r ,k and Tr ,k .

Corollary: sum side of the Andrews–Gordon identities∑
λ∈Tr,k

q|λ| =
∑

s1≥···≥sk≥0

qs2
1 +···+s2

k +sk−r+1+···+sk

(q)s1−s2 . . . (q)sk−1−sk (q)sk

.

X0,r (s1, . . . , sk) is the set of k-tuples λ = (λ(1), . . . , λ(k)) s.t. each part of
λ(m) is at least m + max{m − (k − r), 0}, i.e. at least{

m if m ≤ k − r ,

2m − k + r if m > k − r .

The minimal partitions of Warnaar correspond to the minimal partitions
satisfying these conditions.

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026 26 / 37



Recovering the sum-side of Andrews–Gordon
Remark: Tr ,k ⊂ Ak .

Theorem (D.–Jouhet–Konan 2024)
The map Λ induces a bijection between X0,r ,k and Tr ,k .

Corollary: sum side of the Andrews–Gordon identities∑
λ∈Tr,k

q|λ| =
∑

s1≥···≥sk≥0

qs2
1 +···+s2

k +sk−r+1+···+sk

(q)s1−s2 . . . (q)sk−1−sk (q)sk

.

X0,r (s1, . . . , sk) is the set of k-tuples λ = (λ(1), . . . , λ(k)) s.t. each part of
λ(m) is at least m + max{m − (k − r), 0}, i.e. at least{

m if m ≤ k − r ,

2m − k + r if m > k − r .

The minimal partitions of Warnaar correspond to the minimal partitions
satisfying these conditions.

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026 26 / 37



Recovering the sum-side of Andrews–Gordon
Remark: Tr ,k ⊂ Ak .

Theorem (D.–Jouhet–Konan 2024)
The map Λ induces a bijection between X0,r ,k and Tr ,k .

Corollary: sum side of the Andrews–Gordon identities∑
λ∈Tr,k

q|λ| =
∑

s1≥···≥sk≥0

qs2
1 +···+s2

k +sk−r+1+···+sk

(q)s1−s2 . . . (q)sk−1−sk (q)sk

.

X0,r (s1, . . . , sk) is the set of k-tuples λ = (λ(1), . . . , λ(k)) s.t. each part of
λ(m) is at least m + max{m − (k − r), 0}, i.e. at least{

m if m ≤ k − r ,

2m − k + r if m > k − r .

The minimal partitions of Warnaar correspond to the minimal partitions
satisfying these conditions.

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026 26 / 37



Stanton’s identities

Theorem (Stanton 2018)
Let j , r ≥ 0 and k ≥ 1 be integers such that j + r ≤ k. Then

∑
s1≥···≥sk≥0

qs2
1 +···+s2

k −s1−···−sj +sk−r+1+···+sk

(q)s1−s2 . . . (q)sk−1−sk (q)sk

=
j∑

s=0

(q2k+3, qk+1−r+j−2s , qk+2+r−j+2s ; q2k+3)∞
(q)∞

.

For j = 0 this reduces to Andrews–Gordon, while for r = 0 it yields the
other identity of Bressoud proved via our bijection.

Question (Stanton 2024)
Can you prove this identity with your bijection?

Answer (D.–Jang–Jouhet 2025) : Yes!
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Question (Stanton 2024)
Can you prove this identity with your bijection?

Answer (D.–Jang–Jouhet 2025) : Yes!
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Proof

Recall that

∑
(λ,fs(λ))∈Xj,r,k

q|(fs(λ),λ)| =
∑

s1≥···≥sk≥0

qs2
1 +···+s2

k −(s1+···+sj )+(sk−r+1+···+sk)

(q)s1−s2 · · · (q)sk−1−sk (q)sk

,

which is exactly the sum side of Stanton’s identity.

We show that the bijection Λ induces a bijection between Xj,r ,k ⊂ Pk
and Zj,r ,k ⊂ Ak , where

Zj,r ,k = {(fi)i≥0 : fi+fi+1 ≤ k ∀i ≥ 0, f0 ≤ j−max{f0+f1−(k−r), 0}}.

But this is not immediately related to Andrews–Gordon.
We give a (not length-preserving, but weight-preserving) bijection
between Zj,r ,k and some other set Yj,r ,k by modifying only the
frequencies of 0.
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Proof

This new set Yj,r ,k is more clearly related to Andrews–Gordon. Indeed,

Yj,r ,k = {(fi)i≥0 : fi + fi+1 ≤ k ∀i ≥ 0
and f0 ∈ {ℓ + max{ℓ − (j − r), 0} : 0 ≤ ℓ ≤ j}},

which can be written as a disjoint union of sets

Ys,k = {(fi)i≥0 : fi + fi+1 ≤ k ∀i ≥ 0 and f0 = s}.

By Andrews–Gordon,∑
f ∈Ys,k

q|f | =
∑

λ∈Ts,k

q|λ| = (q2k+3, qk+1−s , qk+2+s ; q2k+3)∞
(q)∞

,

and we deduce∑
f ∈Yj,r,k

q|f | =
j∑

s=0

(q2k+3, qk+1−r+j−2s , qk+2+r−j+2s ; q2k+3)∞
(q)∞

.
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Proof

By the bijections,

∑
s1≥···≥sk≥0

qs2
1 +···+s2

k −(s1+···+sj )+(sk−r+1+···+sk)

(q)s1−s2 · · · (q)sk−1−sk (q)sk

=
∑

(λ,fs(λ))∈Xj,r,k

q|(fs(λ),λ)|

=
∑

f ∈Zj,r,k

q|f |

=
∑

f ∈Yj,r,k

q|f |

=
j∑

s=0

(q2k+3, qk+1−r+j−2s , qk+2+r−j+2s ; q2k+3)∞
(q)∞

.
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Bressoud’s identities

Theorem (Bressoud 1980)
Let r and k be integers with k ≥ 1 and 0 ≤ r ≤ k. Then

∑
s1≥···≥sk ≥0

qs2
1 +···+s2

k +sk−r+1+···+sk

(q)s1−s2 . . . (q)sk−1−sk (q2; q2)sk

= (q2k+2, qk+1−r , qk+1+r ; q2k+2)∞

(q)∞
.

Combinatorial version
Let Ur ,k(n) be the set of partitions of n whose frequency sequence satisfies

fi + fi+1 ≤ k for all i ,
f1 ≤ k − r
if fi + fi+1 = k for some i , then ifi + (i + 1)fi+1 ≡ k − r (mod 2).

Let Fr ,k(n) be the set of partitions of n into parts not congruent to
0, ±(k − r + 1) modulo 2k + 2. Then for all n, |Ur ,k(n)| = |Fr ,k(n)|.

D.–Jouhet–Konan 2024: proof of the sum-side via the bijection.
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Stanton’s identities, Bressoud style

Theorem (Stanton 2018)
Let j , r ≥ 0 and k ≥ 1 be integers such that j + r ≤ k. Then

∑
s1≥···≥sk≥0

qs2
1 +···+s2

k −s1−···−sj +sk−r+1+···+sk

(q)s1−s2 · · · (q)sk−1−sk (q2; q2)sk

=
j∑

s=0

(q2k+2, qk+1−r+j−2s , qk+1+r−j+2s ; q2k+2)∞
(q)∞

.

For j = 0 this reduces to Bressoud’s identities, while for r = 0 it yields
another identity of Bressoud proved via the bijection by D.–Jouhet–Konan.

D.–Jang–Jouhet 2025
This identity can also be proved via the bijection (using Bressoud’s
identity as ingredient).
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Kurşungöz’ identities

Theorem (Kurşungöz 2016)
Let Ũr ,k be the set of partitions whose frequency sequence satisfies

fi + fi+1 ≤ k for all i ,
f1 ≤ k − r
if fi + fi+1 = k for some i, then ifi + (i + 1)fi+1 ≡ k − r + 1 (mod 2).

∑
λ∈Ũr,k

q|λ| = 1
(1 + q)(q)∞

((q2k+2, qk+r , qk−r+2; q2k+2)∞

+ q(q2k+2, qk+2+r , qk−r ; q2k+2)∞).

Theorem (D.–Jouhet–Konan 2024)
∑

λ∈Ũr,k

q|λ| =
∑

s1≥···≥sk≥0

qs2
1 +···+s2

k +sk−r+1+···+sk−1+2sk

(q)s1−s2 . . . (q)sk−1−sk (q2; q2)sk
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New Stanton-type generalisation of Kurşungöz’ identities

Theorem (D.–Jang–Jouhet 2025)
Let j , r ≥ 0 and k ≥ 1 be integers such that j + r ≤ k. Then

∑
s1≥···≥sk≥0

qs2
1 +···+s2

k −s1−···−sj +sk−r+1+···+sk−1+2sk

(q)s1−s2 . . . (q)sk−1−sk (q2; q2)sk

= 1
1 + q

j∑
s=0

(
(q2k+2, qk+2−r+j−2s , qk+r−j+2s ; q2k+2)∞

(q)∞

+q (q2k+2, qk−r+j−2s , qk+2+r−j+2s ; q2k+2)∞
(q)∞

)
.

For j = 0 this reduces to Kurşungöz’ identities, while for r = 0 it yields
another identity of D.–Jouhet–Konan related to Kurşungöz’ identities
obtained via the bijection.
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Identities with parity restrictions

Theorem (Andrews 2010)
Let Wk,a denote the set of frequency sequences (fi)i≥1 such that

fi + fi+1 ≤ k for all i ,
f1 ≤ a,
fi is even if i is even (i.e. even parts appear an even number of times).

For k ≥ a ≥ 0 and k ≡ a (mod 2),

∑
f ∈Wk,a

q|f | =
∑

s1≥···≥sk≥0

qs2
1 +···+s2

k +2sa+1+2sa+3+···+2sk−1

(q2; q2)s1−s2 · · · (q2; q2)sk−1−sk (q2; q2)sk

= (−q; q2)∞(qa+1, q2k+3−a, q2k+4; q2k+4)∞
(q2; q2)∞

.

There are similar theorems with other parity conditions by Andrews
(2010), Kurşungöz (2010), Kim-Yee (2013).
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Identities with parity restrictions

Theorem (D.–Jang 2026, Stanton-type generalisation)
For non-negative integers a, b, and k with 2a + 2b ≤ k, let Ze

a,b,k be the
set of all frequency sequences (fi)i≥0 such that

fi + fi+1 ≤ k for all i ≥ 0,
f0 ≤ 2a and 2f0 + f1 ≤ k − 2b + 2a,
fi is even if i is even (i.e. even parts appear an even number of times).

∑
f ∈Ze

a,b,k

q|f | =
∑

s1≥···≥sk ≥0

qs2
1 +···+s2

k −2(s2+s4+···+s2a)+2(sk−2b+1+sk−2b+3+···+sk−1)

(q2; q2)s1−s2 · · · (q2; q2)sk−1−sk (q2; q2)sk

=
a∑

s=0

(−q; q2)∞(qk+1+2a−2b−4s , qk+3−2a+2b+4s , q2k+4; q2k+4)∞

(q2; q2)∞
.

When a = 0, this reduces to Andrews’ Theorem.
We also have similar generalisations of the results with other parity
conditions. All the proofs use particle motion.
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What’s next?

Interpretation as a different type of lattice paths and finite versions
(D.–Jang–Jouhet–Nadeau, work in progress)
Open problem:

Theorem (Stanton 2018)
Let j , r ≥ 0 and k ≥ 1 be integers such that j + r ≤ k. Then∑
s1≥···≥sk ≥0

qs2
1 +···+s2

k +sk−r+1+···+sk
q−s1−···−sj (1 + qs1+s2)(1 + qs2+s3) · · · (1 + qsj−1+sj )

(q)s1−s2 · · · (q)sk−1−sk (q)sk

=
j∑

s=0

(
j
s

)
(q2k+3, qk+1−r+j−2s , qk+2+r−j+2s ; q2k+3)∞

(q)∞
.

Can this identity be proved via particle motion?

Jehanne Dousse (University of Geneva) Particle motion 20 July 2026 37 / 37



Thank you very much!
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