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A lattice path and nonintersecting lattice paths

Consider a Locally Finite and Acyclic Directed Graph.
Choose two vertices u1 and v1 of the graph.

Q: How many lattice paths are there from u1 to v1?

Let us denote the answer to this question by GF[P(u1, v1)].

Now, we consider 2m vertices u = (u1, . . . , um) and v = (v1, . . . , vm) of
the graph.

Q: How many families of m paths are there that join ui and vi for
i = 1, . . . ,m and are nonintersecting?

Let us denote the answer to the latter question by GF[P0(u, v)].
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Lindström–Gessel–Viennot / Karlin–McGregor theorem

Let M(u, v) be the m →m matrix defined by

M(u, v) =
[
GF[P(ui , vj)]

]

1→i ,j→m

and we call this matrix the path matrix from u to v.

Theorem (Lindström–Gessel–Viennot, Karlin–McGregor)

If u and v are compatible, then

GF[P0(u, v)] = detM(u, v).
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An example for Lindström–Gessel–Viennot theorem
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Families of paths with more ending points

Let u = (u1, . . . , um) be an m-tuple and v = (v1, . . . , vn) be an n-tuple of
points on G , where n ↑ m. Assume that u and v are compatible.

Under these circumstances, we can still ask the same questions:

Q: How many families of m paths are there that join u1, . . . , um and m
vertices among v1 . . . , vn and are nonintersecting?
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Okada–Stembridge theorem

Theorem (Okada–Stembridge)

If m is even, then
GF[P0(u, v)] = Pf

[
Q(u, v)

]
,

where Q(u, v) =
[
Qi ,j

]
1→i ,j→m

is the skew-symmetric matrix defined by

Qi ,j =
∑

s<t

[
GF[P(ui , vs)] ·GF[P(uj , vt)]↓GF[P(ui , vt)] ·GF[P(uj , vs)]

]
.
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An example for Okada–Stembridge theorem
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Case when m is odd: adding a “Phantom” vertex u0 = v0

Stembridge pointed out that this theorem can also be applied when m is
odd by adding a “Phantom” vertex u0 = v0:

In this case, the resulting skew-symmetric matrix has order m + 1.
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A natural question

While there is no parity condition on m (the number of starting points) in
Lindström–Gessel–Viennot theorem, m should be even to apply the
Okada-Stembridge theorem directly.

One can still apply Okada–Stembridge’s theorem when m is odd, following
Stembridge’s remark, but the the resulting skew-symmetric matrix has a
di!erent order than when m is even.

Q: Is there an alternative formula that does not depend on the parity of m?

A: Yes.
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A new theorem

Theorem (Byun, 2025)

We have

GF[P0(u, v)]
2 = det

[
M(u, v)Un M(u, v)T

]
= det

[
M(u, v)UT

n M(u, v)T
]
,

where M(u, v) is the path matrix and Un = [ui ,j ]1→i ,j→n is the upper

triangular matrix defined by ui ,j =






2, if i < j

1, if i = j

0, if i > j

.

Note: there is no parity condition on m!

Main ingredients of Proof: (Lindström–Gessel–Viennot theorem) and
(Okada’s result on the sum of maximum minors of a matrix).
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An example for the new theorem
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A combinatorial interpretation of the new result

We can give a combinatorial interpretation of the new result, which we call
“A reflection principle for nonintersecting paths.”

This is obtained by interpreting M(u, v), Un, and M(u, v)T as path
matrices of certain acyclic directed graphs.

Consider a locally finite and acyclic directed graph G and an m-tuple
u = (u1, . . . , um) and an n-tuple v = (v1, . . . , vn) of vertices on G , where
m ↔ n.

Assume further that the vertices v1, . . . , vn are sinks (that is, there are no
outgoing edges from these n vertices in G ).
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A combinatorial interpretation of the new result (continue)

Reflect G and call the mirror image G ↑. We reverse the orientation of all
edges of G ↑.

Denote the mirror images of u = (u1, . . . , um) and v = (v1, . . . , vn) by
u↑ = (u↑

1
, . . . , u↑m) and v↑ = (v ↑

1
, . . . , v ↑n), respectively, and Gsym := G ↗ G ↑.

Note that v ↑
1
, . . . , v ↑n are sources of G ↑.
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Construction of Gsym

To construct Gsym, from Gsym, we add
(1) n edges connecting vi and v ↑i for i ↘ [n], directed toward v ↑i ,
(2) (n ↓ 1) edges connecting vi and v ↑i+1

for i ↘ [n ↓ 1], directed toward
v ↑i+1

, and
(3) (n ↓ 1) edges connecting v ↑i and v ↑i+1

for i ↘ [n ↓ 1], directed toward
v ↑i+1
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A reflection principle for nonintersecting paths

Let GF[P0(u,u↑)] be the number of m-tuples of nonintersecting paths
(P1, . . . ,Pm) in Gsym such that Pi ↘ P(ui , u↑i ) for i ↘ [m].

A reflection principle for nonintersecting paths

If u and v are compatible, then

GF[P0(u, v)]
2 = GF[P0(u,u

↑)].

≃ The enumeration of families of nonintersecting paths with unfixed
ending points can be resolved by enumerating families of nonintersecting
paths with fixed ending points instead!
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Lozenge tilings of regions on a triangular grid

Consider an arbitrary region R on a triangular grid, then one can ask the
following question:

Q: How many lozenge tilings does R have?

It turns out that, in many cases, this question can be answered using
nonintersecting paths enumeration techniques!
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Lozenge tilings of regions with free boundaries

Lozenge tiling enumeration problems become more interesting if a region
R has free boundaries!

A boundary is free if lozenges are allowed to cross the boundary.
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A ⇐-hook and a shifted ⇐-hook

A ⇐-hook of order n is a ⇐-shaped hook that consists of 2n unit lozenges
as described below.
A shifted ⇐-hook of order n is also a ⇐-shaped hook that is obtained from
the ⇐-hook of order n by shifting the left-most unit triangle to the right
end of it.

The ⇐-hook of order 7 (left) and the shifted ⇐-hook of order 7 (right).
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Construction of two regions A(m;ωst) and Ã(m;ωst)

For any m ↘ Z↓0 and a strict partition ωst = (ω1, . . . ,ωk), consider m
copies of ⇐-hook of order (ω1 + 1) and a copy of shifted ⇐-hook of order
ωi for i ↘ [k].

Then we concatenate these ⇐-hooks and shifted ⇐-hooks in order from top
to bottom along the common axis ε, starting with the largest one in
weakly decreasing order.
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An example

Example: m = 6 and ωst = (9, 8, 7, 4, 3, 1).
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Two regions Ã(m;ωst) and A(m;ωst)

If we get rid of the leftmost strip from the previous regions, it is Ã(m;ωst).
Every lozenge is weighted by 1, except the k horizontal lozenges at the
right end of k shifted ⇐-hook of order ωi for i ↘ [k].

The subregion left to ε is A(m;ωst) and its boundary along ε is free.
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More general regions Ã(m;ωst ; I ) and A(m;ωst ; I )

m = 6, ωst = (9, 8, 7, 4, 3, 1), and I = {2, 4}.
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A new theorem

Let Mf (A(m;ωst ; I )) be the number of lozenge tilings of A(m;ωst ; I ).

Let M(Ã(m;ωst ; I )) be the tiling generating function of Ã(m;ωst ; I ).

Theorem (Byun, 2025)

For a nonnegative integer m, a strict partition ωst with k parts, and a set
I ⇒ [k],

Mf (A(m;ωst ; I ))
2 = 2k↔|I |M(Ã(m;ωst ; I )).

Proof idea: The proof uses 1) a bijection between lozenge tilings and
nonintersecting paths and 2) our earlier determinant formula, combined
with properties of the matrix U.
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Thank you!
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