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The enumeration of lattice walks
restricted to (non-)convex cones
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The functional equations for generating functions
are neither trivial nor hopelessly difficult to solve.

They can be approached by
analytic and algebraic methods.
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We discuss Tutte’s invariant method 1, explain what
it relies on, and introduce a differential analogue of it.

1
Counting quadrant walks via Tutte’s invariant method, Bernardi, Bousquet-Mélou, Raschel
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A lattice walk is a sequence P0, P1, . . . , Pn of points of Zd.
We call P0 and Pn its starting and end point, respectively, the
consecutive differences Pi+1 − Pi are its steps, and n is its length.
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Let f(i;n) be the number of walks on N that start at 0, end at i
and consist of n steps all of which are taken from {−1, 1}, and let

F(x; t) :=
∑
n≥0

∑
i≥0

f(i;n)xi

 tn

be the associated generating function.

Then F(x; t) is the unique
solution of

x
(
1− t

(
x+ x−1

))
F(x; t) = x− tF(0; t)

in Q[x][[t]].
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To compute f(i;n) and its asymptotics we locate F(x; t) in
the hierarchy of algebraic, D-finite and D-algebraic functions.

This can be done in many ways 2. We use Tutte’s invariant method
to prove its algebraicity and derive an algebraic equation it satisfies.

The method relies on the invariant lemma and the construction of
rational functions that are referred to as invariants.
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The invariant lemma says that the only multiple of

K(x, t) := x
(
1− t

(
x+ x−1

))
in Q[[x, t]] that does not depend on x is zero.

We claim that it allows us to derive from

K(x, t)F(x; t) = x− tF(0; t)

a non-trivial algebraic equation for F(0; t).
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Indeed, using that

−
K(x, t)

tx
= x+

1

x
−

1

t

we can eliminate all terms involving x from the right-hand side of

K(x, t)F(x; t) = x− tF(0; t)

and find that
1− F(0; t) + t2F(0; t)2

is a multiple of K(x, t) in Q[[x, t]] and hence equal to zero.
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A pair (f, g) ∈ Q(x)×Q(t) such that

q(x, t)K(x, t) = f(x) − g(t)

for some non-trivial q ∈ Q(x, t) is said to be an invariant.

3Separating variables in bivariate polynomial ideals, Buchacher, Kauers, Pogudin
4 − " − : the local case, Buchacher
5Galoisian structure of large steps walks in the quadrant, Bonnet, Hardouin
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Construction 6 , 7 of invariants

The non-linear problem of solving

qK = f− g

is reduced to a linear problem. The reduction is based on the
computation of the poles of f and g and their multiplicities.

6Separating variables in bivariate polynomial ideals, Buchacher, Kauers, Pogudin
7 − " − : the local case, Buchacher
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Poles

If there is a non-trivial invariant, then one can assume that

f(∞) = ∞.

If (s1, s2) is a root of K, then

f(s1) = ∞ ⇐⇒ g(s2) = ∞.

Multiplicities

If ∞ is a pole of f and g, then there is an ω ∈ N2 such that

lpω(q)lpω(K) = lpω(f) − lpω(g).
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A differential analogue of Tutte’s invariant method 8

It allows us to derive a differential equation
for F(x; t) without relying on its algebraicity.

8
A differential analogue of Tutte’s invariant method, Buchacher, Hardouin
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To see that the solution of

K(x, t)F(x; t) = x− tF(0; t)

is D-finite with respect to x

we differentiate the equation to find

(−t+ x− tx2)
∂2F(x; t)

∂x2
+ 2(1− 2tx)

∂F(x; t)

∂x
− 2tF(x; t) = 0.
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To see that the solution of

K(x, t)F(x; t) = x− tF(0; t)

is D-finite with respect to t

we apply the operator

L =

(
1

t2
− 4

)
∂2 +

1

t
∂− 1 with ∂ =

x2

x2 − 1

∂

∂x
− t2

∂

∂t
.

Since

L · ⟨K⟩ ⊆ ⟨K⟩, L · x ∈ ⟨K⟩ and L · t ∈ Q(t),

it follows that
L · (tF(0; t))

is a multiple of K(x, t) in Q[[t]] and hence equal to zero.
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Some differential algebra

A derivation ∂ on a field E is a map ∂ : E → E such that

∂(a+ b) = ∂a+ ∂b and ∂(ab) = ∂(a)b+ a∂b.

Let F/E be a field extension. An element a ∈ F is algebraic over E,
if

p(a) = 0

for some p ∈ E[x] \ {0}.

If a ∈ F is algebraic over E, then ∂ extends uniquely to a.
Furthermore, there is an L ∈ E⟨∂⟩ \ {0} such that

L · a = 0.

20
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Construction of L

If Q(x, t) denotes the function field of K(x, t), then

Q(x) ∩Q(t) ⊆ Q(x, t)

is a finite field extension. Consequently, any derivation on
Q(x) ∩Q(t) extends uniquely to a derivation on Q(x, t).

The derivation on Q(x, t) that maps 1/t to 1 is induced by

∂ =
x2

x2 − 1

∂

∂x
− t2

∂

∂t
.

Furthermore, x is algebraic over Q(x) ∩Q(t), and hence satisfies a
linear differential equation in ∂. It is described by L.

21
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Our method generalizes to functional equations of GFs of lattice
walks restricted to N2: 9

It provides uniform and constructive proofs of D-finiteness of
GFs of walks on N2 whose step set is contained in {−1, 0, 1}2.

It provides proofs of D-finiteness of walks whose step set is
contained in {−1, 0, 1, 2}2 not known to be D-finite before.

9
A differential analogue of Tutte’s invariant method, Buchacher, Hardouin
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Summary and open problem
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Let S(x, y) be a Laurent polynomial such that

supp(S) ⊆ {−1, 0, 1}2

and define
K(x, y) = xy(1− tS(x, y)).

24



The nature of the solution of

K(x, y)F(x, y) = xy+ K(x, 0)F(x, 0)

+K(0, y)F(0, y) − K(0, 0)F(0, 0)

in Q[x, y][[t]] depends on S and can be very diverse.

25



The following theorem is due to Bernardi, Bousquet-Mélou,
Dreyfus, Elvey Price, Hardouin, Raschel, Singer.

Thm
It is D-finite iff

q(x, y)K = f(x) − g(y)

has a (non-trivial) solution in Q(t)(x, y). It is algebraic iff it is
D-finite and

xy+ q(x, y)K = f(x) − g(y)

has a solution. Furthermore, if it is not D-finite, then it is
D-algebraic iff the latter equation has a solution.
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Tutte’s invariant method and its differential analogue provide
elementary algebraic proofs of algebraicity and D-finiteness.

How does it generalize to give proofs of D-algebraicity?

Thank you!
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