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(S is called the model)

10 steps

Given a model 8, count quadrant walks of length n.
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fixed model S C 72
A

$2y4t8

Qz,y) = > x'y/t" € Qlz,y|[1]

walk
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Functional equation

Example Model S = {(1,1), (1, —

1), (=1, 1)}

Q(z,y) = 2y’ + toy - Q(x,y)
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ex: Q(z,y)=1/(1— twyl—\/1—4t2x2)

2t2 2

P.(z,y,1,0:)(Q(x,y)) = 0Vz € {z,y,}
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Classification of solutions

Q(z,y) is :
Rational 7 Q(z,y) = Pi(z,y,t)/Pa(z,y,1)
- ex: Qz,y) = 1/(1 —t(x +y +xy))
Algebraic ? P(z,y,t,Q(x,y)) =0
a ex: Q(z,y) = 1/(1 — tay =52
D-finite ? P,(x,y,t,0.)(Q(z,y)) =0Vz € {z,y,t}
M
D-algebraic ? P.(x,y,t,Q(z,y),0,Q(x,y),...) =0Vz € {x,y,t}

Hypertranscendental ?
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The shape of the equation S -

Small backward steps, starting at (ig, jo)
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The shape of the equation S -

Small backward steps, starting at (ig, jo)
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ryK(z,y)Q(z,y) = 2y + A(x) + B(y)
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The shape of the equation S -

Small backward steps, starting at (i, jo)

ryK(z,y)Q(z,y) = 2y +a(z)Q(z, 0)+b(y)Q(0, y) +ctQ(0, 0)

oK (2, 0)Q(e ) =Gy 4 ) + By

= Strategy by Bernardi, Bousquet-Mélou, Raschel 21



Equations of one catalytic variable

Théorem [Popescu 86; Bousquet-Mélou, Jehanne 05] Consider
P(x,t, F(x,t), F1(t), Fo(t),..., F.(t)) =0
(P polynomial over C, F'(x,t) and Fi(t) ... Fi.(t) power series)

If the equation is well founded, then

the power series F'(x,t) is algebraic over C(x,t).



Equations of one catalytic variable

Théorem [Popescu 86; Bousquet-Mélou, Jehanne 05] Consider
P(x,t, F(x,t), F1(t), Fo(t),..., F.(t)) =0
(P polynomial over C, F'(x,t) and Fi(t) ... Fi.(t) power series)

If the equation is well founded, then

the power series F'(x,t) is algebraic over C(x,t).

Example : A generating function F'(x,t) of walks in a half plane satisfies an equation
F(a,t) =1+ ) taj(x) ([2']F(x,t)) + tP(x)F(z,1)

= F'(x,t) is algebraic



Tutte invariants : two variables to one



Tutte invariants : two variables to one

Let K(x,y) =1 —tS(x,y) where S(x,y) satisfies [z71]S(z,y) < 0 et [y~ 1]S(z,y) < 0.



Tutte invariants : two variables to one

Let K(x,y) =1 —tS(x,y) where S(x,y) satisfies [z71]S(z,y) < 0 et [y~ 1]S(z,y) < 0.
Définition [BM23] Let A = C||z,y,t]|[1/x,1/y,1/t], and Hi(x,y), Ha(x,y) € A. If
Hy — Hy = K([C,y)U(Qf,y) with U(5137y) c A

write H1 = H5. The relation = is compatible with 4, x.



Tutte invariants : two variables to one

Let K(x,y) =1 —tS(x,y) where S(x,y) satisfies [z71]S(z,y) < 0 et [y~ 1]S(z,y) < 0.
Définition [BM23] Let A = C||z,y,t]|[1/x,1/y,1/t], and Hi(x,y), Ha(x,y) € A. If
Hy — Hy = K([If,y)U(QZ’,y) with U(5137y) c A

write H1 = H5. The relation = is compatible with 4, x.

Let I(z) € A and J(y) € A such that I(x) = J(y), then
(I(x),J(y)) is a pair of invariants.



Tutte invariants : two variables to one

Let K(x,y) =1 —tS(x,y) where S(x,y) satisfies [z71]S(z,y) < 0 et [y~ 1]S(z,y) < 0.
Définition [BM23] Let A = C||z,y,t]|[1/x,1/y,1/t], and Hi(x,y), Ha(x,y) € A. If
Hy — Hy = K([If,y)U(ﬂj,y) with U(5137y) c A

write H1 = H5. The relation = is compatible with 4, x.

Let I(z) € A and J(y) € A such that I(x) = J(y), then
(I(x),J(y)) is a pair of invariants.

Invariants Lemma [BM23; B. 26+] If (I(x),J(y)) is a pair of invariants with

I(z) = O(x) J(y) = O(y)
then I(x) = J(y) = 0.
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Pole elimination
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(
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Pole elimination

(/2% 4+ O(), 1/ -

(/2% 4+ O(w), 1 /% -

Théoréme [B. 26+]  There exist a nonzero P € C||t|]| X, Y]

- O(y)) Unknown
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I3(x) := P(Li(x), Ir(x)) = O(x) et Js(y) := P(Ji(y), J2(y)) = O(y)



Pole elimination

(/2% 4+ O(), 1/ -

(/2% 4+ O(w), 1 /% -

Théoréme [B. 26+]  There exist a nonzero P € C||t|]| X, Y]

- O(y)) Unknown

-0

(

y)

)

e C(x,t) x C(y, t)

I3(x) == P(Ii(2), Ix(x)) = O(x) et J3(y) = P(J(y), ~2(y)) = O(y)

= by the invariants lemma

P(Li(z), Ix(z)) =0 et P(Li(y), a(y)) =0



Pole elimination

(Li(2), hi(y)) = (/2" + -+ + O(x),1/y"t + -+ + O(y)) Unknown
(I(z), ao(y)) = (1/2*2 + -+ O(2), 1/y*2 + -+ - + O(y)) € C(x,t) x C(y, 1)

Théoréme [B. 26+]  There exist a nonzero P € C||t|]| X, Y]
I3(z) == P(L(x), I(x)) = O(x) et Js(y) := P(L(y), J2(y)) = O(y)

= by the invariants lemma

P(Li(z), I(x)) =0 et P(Li(y), J2(y)) =0

= I1(x) and Jy(y) satisfy equations of one catalytic variable
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Example : Gessel [BeBMRa 21] :
ryK(z,y)Q(z,y) = vy — t(y + 1)Q(0,y) — tQ(z, 0) + tQ(0,0)
1

I . — | K(wv )
Decoupling : zy = — - t(ygil) - ty(y+y1)

([1($), Jl(y)) - = (% T tQ(CIJ, O) — tQ(Ov 0)7 t(yﬁ—l) — t(y T 1)Q(an))

Rational Invariants

(@), Ja(y)) = (— 3 + 5 + 2+ £ —a?, LHh 4 )




Example : Gessel [BeBMRa 21] :

ryK(z,y)Q(z,y) = vy — t(y + 1)Q(0,y) — tQ(x,0) +1Q(0,0)

I . — 1 K(wa )
Decoupling : zy = — - t(ygil) - ty(y+y1)

([1($), Jl(y)) = (% -+ tQ(CIJ, O) - tQ(Ov 0)7 t(yﬁ—l) - t(y -+ 1)Q(an))

Rational Invariants
x 14+y)% |
(Ix(z), J2(y)) = (=25 + &= +2+ 2 — 22, Uty)” tz(liy)z)

 x2 tx Y

Pole elimination 4+ invariants lemma =

P.(Q(z,0), z,t, [2°]Q(z,0), [z']Q(z,0)) = 0
Py(Q(0,9),y.t, [4°]Q(0, ), [y']Q(0,y)) = 0




Example : Gessel [BeBMRa 21] :

ryK(z,y)Q(z,y) = vy — t(y + 1)Q(0,y) — tQ(x,0) +1Q(0,0)

I . — | K(wv )
Decoupling : zy = — - t(ygil) - ty(y+y1)

([1($), Jl(y)) - = (% T tQ(CIJ, O) — tQ(Ov 0)7 t(yﬁ—l) — t(y T 1)Q(an))

Rational Invariants
x 14+y)% |
(Ix(z), J2(y)) = (=25 + &= +2+ 2 — 22, Uty)” tz(liy)z)

2 Y

Pole elimination 4+ invariants lemma =

P.(Q(z,0), z,t, [2°]Q(z,0), [z']Q(z,0)) = 0
Py(Q(0,9),y.t, [4°]Q(0, ), [y']Q(0,y)) = 0

Well founded equations + Popescu = Q(x,0) and Q(0,y) are algebraic = Q(z,y) is algebraic



2. On the orbit of large steps



Small steps group and orbitsums [BM 06, BeBMRa 17]

g =<V, P>

with W and @ involutions satisfying
o U(u,v) = (u,v) et ®(u,v) = (v, v)
o S(¥(u,v)) = S(®(u,v)) = 5(u,v)



Small steps group and orbitsums [BM 06, BeBMRa 17]

g =<V, P>

with W and @ involutions satisfying
o U(u,v) = (u,v) et ®(u,v) = (v, v)
o S(¥(u,v)) = S(®(u,v)) = 5(u,v)

Exemple
qj/(w,y) . 74
(z,77°) (Z7,y)
¢ | v = (u,Tu?
@y.77)  @pary) oot T T
v | P b(u,v) = (uv,v)
(zy,7) (T, z°y)
P <



Small steps group and orbitsums [BM 06, BeBMRa 17]

o Decoupling
Gi=<W, &> Let H(x,y) € C(x,y,t) a fraction,
with ¥ and ® involutions satisfying H(x,y) decouples iff
o U(u,v)=(u,v) et ®(u,v) = (u,v) H(z,y) — H(Ty,y) + H(Zy,z?y)--- =0
o S(¥(u,v)) = S(®(u,v)) = 5(u,v)
Exemple
(z,y) 74
e
(2,7 77) (T, y)
b | U
_ _ U(u,v) = (u,vu?
(zy,77%) @paty) ) (__ )
v | o ®(u,v)=(Tv,v)
(zy,7) (T, 2%y)



Small steps group and orbitsums [BM 06, BeBMRa 17]

g =<V, P>

with W and @ involutions satisfying
o U(u,v) = (u,v) et ®(u,v) = (v, v)
o S(¥(u,v)) = S(®(u,v)) = 5(u,v)

Exemple
(z,y)

\If/ ()
(x,57°) (T7,
iy I

(zy, 7 T°) (ZY,x
v |
(xy, 7y (%, z°
o

Decoupling
Let H(x,y) € C(x,y,t) a fraction,
H(x,y) decouples iff

Rational Invariants
Let R(x,y) := 2° +2y° + T2 + 2%y?
R(Qj,y) — ]1(33) and R($,y) — JQ(y)

pair of nonconstant invariants



Small steps group and orbitsums [BM 06, BeBMRa 17]

o Decoupling
Gi=<W, &> Let H(x,y) € C(x,y,t) a fraction,
with ¥ and ® involutions satisfying H(x,y) decouples iff
o U(u,v)=(u,v) et ®(u,v) = (u,v) H(z,y) — H(Ty,y) + H(Zy,z?y)--- =0

o S(¥(u,v)) = S(®(u,v)) = 5(u,v) Rational Invariants

Exemple o.4) Let R(z,y) := 22 + 772 + 72 + 222
,Y
\IJ/ ) ? : R(z,y) = I (x) and R(x,y) = J2(y)

(z,7x?) (ZTY,y) pair of nonconstant invariants
N o __I Z\Ij U(u,v) = (u,00?)

(29, 57°) (@7, 2°y) — These constructions rely on this grou
U | d ®(u,v) = (uv,v) Y Sroup-
(zy, 7) (T, x%y)

d g



Orbit [Bostan, Bousquet-Mélou, Melczer 18]



Orbit [Bostan, Bousquet-Mélou, Melczer 18]

Definition (u,v) ~ (u,’ v')
iff

S(u,v) =S(u,v")and u=u" orv =1
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Galoisian structure [B., Hardouin 24}

C(t, O) K(x,y,t) =0
“a,
C(t,z,y)
C(t,z) C(t, y)
\




Galoisian structure [B., Hardouin 24}

(Ct 0> K(2,y,t) =0

Gy G,
C(t,z,y) |
/N
C(t, x) C(t, y)
I
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Galoisian structure [B., Hardouin 24}

C(t, O) K(x,y,t) =0
G, oGy
Théoréme [B., Hardouin 24] The group G acts
C(t,x,y) on O by graphs automorphisms
‘ / \ o - (uv U) — (Oua UU)
C(t, ) C(t,y) This action is faithfull, transitive and finitely
\ generated.
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e Finite orbit
e Finite group
e Existence of nonconstant rational invariants



Rational Invariants

Theorem [Fried 78; B., Hardouin 24] The following are equivalent
e Finite orbit
e Finite group
e Existence of nonconstant rational invariants

Theorem [B., Hardouin 24]
e The field of invariants k;,, is C(t, f(x)) for some f(x).
o Let pp(X) =1l,.cu0)eo(X — u) the vanishing polynomial of left coordinates.

Then any coefficient of u,.(X) spans k..



Rational Invariants : Example

K(x,y,t)

pa(Z) = Z° — (

— 2

((:U3—|—5136+ 5134—5132—1)t2—|—:132(:132—1)75—:133)2 .

2z (22 +1)°

=0
x3+$6+az4—x2—1)t2+az2(x2—1)t—93325 | t+1Z4
t2q (x2 +1)° t
a;-6t2+(—§+%)x5+t(t+1)x4+(—tQ—t)xZ—(t _21)‘””—# .
7
2z (22 + 1)°



Rational Invariants : Example K

K(x,y,t) =0
3 6 4 2 2 2 (.2 3
>+t —axc—1)t"+x°(z°—1)t —«x t+1
qu(2)226_( ) - ( ) Z5I + Z4
t?x (x? 4+ 1) t
2 t2—1)x
x6t2+(—%+%>x5+t(t+1)x4+(—tQ—t)xz—( 2) — ¢ P
— 2 . 7° — ——277
t?x (2 + 1) t
((:U3—|—5136+:134—x2—1)t2—|—:132(:132—1)75—:133)2 .
2z (22 +1)°
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_ g6 _ Y nyy 75 ] J; Y i ytzizt WS g3
t+ 1 —tyt 4ty + >+t
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Rational Invariants : Example K

K(x,y,t) =0
3 6 4 2 2 2 (.2 3
z+xr - —-1)t"+zx° (- — 1)t —x t+1
qu(2)226_( ) : ( ) Z5I + Z4
t2x (x? 4+ 1) t
2 t2—1)x
x6t2+(—%+%>x5+t(t+1)x4+(—tQ—t)xz—( 2) — ¢ P
— 2 . 7° — ——277
t?x (2 + 1) t
((:U3—|—5136+:134—5132—1)t2—|—:132(:1:2—1)75—:133)2 .
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Orbitsums

(u277}2) E— C:3'(u17v1)_|_4°(u2702)_(u17/03)




Orbitsums

(u2av2) E— C:3'(u17v1)_|_4°(u2702)_(u17/03)

For H(x,y) a fraction, define H. € C(t¢, O) by linearity

H.(x,y)=3-H(uy,v1) +4- H(us,ve) — H(ui,v3)
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One may write (x,y) = v, + v, + @, so that for a H(z,y) € C(¢,z,y)
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Characterisation of decoupling

Théoréeme [B., Hardouin 24]

One may write (x,y) = v, + v, + @, so that for a H(z,y) € C(¢,z,y)
e [ decouples iff H, = 0.

e If H decouples, then H(z,y) = H, + H, .

with 0, = F(z) € C(z,t) and H, = G(y) € C(y,t)
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Construction of o :

bicolored cycles

c = (uy,v9) — (u1,v1) + (ug,v3) — (u2,v2) + (us3,v1) — (us, v2)

Observe that if H(x,y) = F(z) + G(y)
F(z)e = (F(u1) = F(u1)) + (F(ug) — Fuz)) 4 (F(uz) = F(u3))

)
G(y)e = (G(v2) = G(v2)) + (G(v3) — G(v3)) + (G(v1) — G(v1))

0
0



Construction of « : bicolored cycles

(Ul,fUZ)Jr C = (ul,v2) — (ul,vl) —+ (UQ,Ug) — (UQ,UQ) + (u3,711) — (U3,Uz)
(uq,v1) (u2,v2)” |
@ l Observe that if H(x,y) = F(x) + G(y)
(usz,v1) (u2,v3) 1 F(z)e = (F(u1r) — F(u1)) + (F(u2) — F(uz)) + (F(us) — F(us))
1+ v}L - G(y)e = (G(v2) — G(v2)) + (G(v3) — G(v3)) + (G(v1) — G(v1))

= if H(x,y) decouples, then H. = 0 for all such c.

0
0



Construction of « : bicolored cycles

(Ul,fUZ)Jr C = (ul,v2) — (ul,vl) —+ (UQ,Ug) — (UQ,UQ) + (u3,711) — (U3,Uz)
—(u1,v1) (u2,v2)” |
@ l Observe that if H(x,y) = F(x) + G(y)
(us,v1) (u2,v3) 1 F(z)e = (F(u1) — F(u1))+ (F(u2) — Fug)) + (F(u3) — F(us))
4 V}L p G(y)e = (G(v2) — G(v2)) + (G(v3) — G(v3)) + (G(v1) — G(v1))

= if H(x,y) decouples, then H. = 0 for all such c.

« Is spanned by such ¢

0
0



Construction of 7, and -, : traces

Proposition Let 0 € GG, ¢ a 0-chain and H(x,y) € C(t,z,y). Then
o-H.=H,..
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Construction of v, and -, : traces

Proposition Let 0 € GG, ¢ a 0-chain and H(x,y) € C(t,z,y). Then
oc-H.=H,..

Yy = Zaegy o-(r,y) Yp:= ZaeGy o-(x,y1)
YZ — ZO‘GG g - ($4,y1)

If o € G, onehaso-Y; =Y,

= If H(z,y) € C(x,y,t), and 0 € G, one has
| o - Hyz. — Hg.yi — Hyi c C(t, O)




Construction of v, and -, : traces

Proposition Let 0 € GG, ¢ a 0-chain and H(x,y) € C(t,z,y). Then
oc-H.=H,..

P 4oi= Soe,7 (@0) Ti= T, o o
YZ — ZO‘EG o - (334, yl)

If o € G, onehaso-Y; =Y,
= If H(z,y) € C(z,y,t), and 0 € G, one has
| o - Hyz. = Hg.yi — Hyi c C(t, O)

= Hy,, Hy,, Hy, € C(t,y) by Galois
correspondence




Construction of v, and -, : traces

Proposition Let 0 € GG, ¢ a 0-chain and H(x,y) € C(t,z,y). Then
oc-H.=H,..

PN Yo:=20eq, o (,4) Y11= 3 geq, 0 (2,41)
Yo =2 e 0 (@4, 41)

If o € G, onehaso-Y; =Y,
= If H(z,y) € C(z,y,t), and 0 € G, one has
| o - Hyz. = Hg.yi — Hyi c C(t, O)

= Hy,, Hy,, Hy, € C(t,y) by Galois
correspondence

-~ Yy IS S pann ed by the }/:L



X X Yo Y
g 82) | (40 41) -

_ 3tx?—t—4 4
ry = Lo+ —I= 40

At(x?41)



A nice formula

Theorem [B., Hardouin 24] If the orbit is distance-transitive, then the
decoupling of (z,y) is given by

=% ¥ (g
i>1 #0 1<25+1<i #Azj  HFAj

_ #Vi ( Yo Yo )
v ; #0O 1§2JZ+:1§7; #XVo;  F#HVojit1




A nice formula

Theorem [B., Hardouin 24] If the orbit is distance-transitive, then the
decoupling of (z,y) is given by

=% ¥ (g
i>1 #0 1<25+1<i #Azj  HFAj

B #Vi Yo Yo )
Vy_z#o Z (#ij #XV2,+1

i>1 1<25+1<s

— newton sums



Algebraicity strategy for models with a finite orbit

Functional equation
for Q(z,y)

Decoupling of
:CiOij

Paire of invariants
with Q(x,0) and
Q(0,y)

>

Rational invariants

-

/

\

finite orbit

Invariants with no
poles at x = 0 and
y =0

Q(x,0) and
Q(0,y) algebraic

l

Q(x,y) algebraic
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Algebraicity strategy for models with a finite orbit

Functional equation
for Q(z,y)

Decoupling of

ajiOij
~
\
decide 7 nice poles ?

Paire of invariants
with Q(x,0) and

>

Q(0,y)

Rational invariants

/

Invariants with no
poles at £ = 0 and
y =10

Q(x,0) and
Q(0,y) algebraic

l

Q(x,y) algebraic




Algebraicity strategy for models with a finite orbit

Functional equation

Paire of invariants

Invariants with no

for Q(z,y) with Q(x,0) and » poles at x = 0 and

Q(0,y) y =0

Decoupling of Rational invariants /@

$ioyj0 /
~ _ L
—~— _— Q(x,0) and
Q(0,y) algebraic
decide 7 nice poles ? well founded equation 7




3. A showcase : stretched Gessel models (|B. 2026-+])



The stretched Gessel models

SOl

Hq




Finite orbit
(z,y)

(Niz,y)

()\7, ZE, )\i—n—l y/)

(N Ai @, A7y

(z, ')

()\/. T, ()\/')—n—l

—_ (N Az, (A)) 7" y)



Invariants

1n—|—1
(@), Ji(y)) = (772, U0 iy



Decoupling points
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When does z*T1y/T1 admits a decoupling ?
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= DO o H~ ot .




Decoupling points

When does z*T1y/T1 admits a decoupling ?

= DO o H~ ot .

¢ 0y =1+ i
o (z"HVy)k = fi()



Algebraicity



Algebraicity

Lemma: Let (F'(x),G(y)) be a pair of t-invariants. If

Gy)=0(y) and Gy—1)=0(y)
then (F'(xz),G(y)) is a trivial pair of t-invariants (and G(y) = G(y — 1) = 0)



Algebraicity

Lemma: Let (F'(x),G(y)) be a pair of t-invariants. If

Gy)=0(y) and Gy—1)=0(y)
then (F'(xz),G(y)) is a trivial pair of t-invariants (and G(y) = G(y — 1) = 0)

= explicit catalytic equations for Q(0, y)



Algebraicity

Lemma: Let (F'(x),G(y)) be a pair of t-invariants. If

Gy)=0(y) and Gy—1)=0(y)
then (F'(xz),G(y)) is a trivial pair of t-invariants (and G(y) = G(y — 1) = 0)

= explicit catalytic equations for Q(0, y)

= algebraicity of Q(0,y), and then Q(x,0) and Q(z,y)



Some future questions



Some future questions

e to which extend is the criterion "finite orbit + decouping = algebraicity” true 7



Some future questions

e to which extend is the criterion "finite orbit + decouping = algebraicity” true 7

e systematically investigate the "algebraic” starting points for models having a finite orbit



Some future questions

e to which extend is the criterion "finite orbit + decouping = algebraicity” true 7

e systematically investigate the "algebraic” starting points for models having a finite orbit

e further exploit the finite orbit (extension to large backwards steps 7)
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