
Tutte Invariant Method and Algebraicity of Large

Steps Walks

Pierre Bonnet

July 21 2026

LPC 2026
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Given a model S, count quadrant walks of length n.

Quadrant walks
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fixed model S ⊂ Z2

Generating function



x2y4t8

Q(x, y) :=
∑
walk

xiyjtn ∈ Q[x, y]JtK

fixed model S ⊂ Z2

Generating function



Example Model S = {(1, 1), (1,−1), (−1, 1)}

Q(x, y) = x0y0 + txy ·Q(x, y)

+ tx/y ·
(
Q(x, y)− ([y0]Q(x, y))

)
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Q(x, y)− ([x0]Q(x, y))

)
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Small backward steps

xyK(x, y)Q(x, y) = xy + ta(x)Q(x, 0) + tb(y)Q(0, y) + tcQ(0, 0)

S ⊂

S(x, y) =
∑

(i,j)∈S xiyj and K(x, y) = 1− tS(x, y)
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Algebraic

D-finite

D-algebraic

Hypertranscendental

xyK(x, y)Q(x, y) = xy + a(x)Q(x, 0) + b(y)Q(0, y) + ctQ(0, 0)

Small Steps, 2008–2018
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1. The Tutte Invariant Method
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S ⊂

xyK(x, y)Q(x, y) = xi0+1yj0+1 + A(x) +B(y)

xyK(x, y)Q(x, y) = xi0+1yj0+1+a(x)Q(x, 0)+b(y)Q(0, y)+ctQ(0, 0)

The shape of the equation

⇒ Strategy by Bernardi, Bousquet-Mélou, Raschel 21

Small backward steps, starting at (i0, j0)



Théorem [Popescu 86; Bousquet-Mélou, Jehanne 05] Consider

P (x, t, F (x, t), F1(t), F2(t), . . . , Fr(t)) = 0

(P polynomial over C, F (x, t) and F1(t) ... Fr(t) power series)

If the equation is well founded, then

the power series F (x, t) is algebraic over C(x, t).

Equations of one catalytic variable



Théorem [Popescu 86; Bousquet-Mélou, Jehanne 05] Consider

P (x, t, F (x, t), F1(t), F2(t), . . . , Fr(t)) = 0

(P polynomial over C, F (x, t) and F1(t) ... Fr(t) power series)

If the equation is well founded, then

Example : A generating function F (x, t) of walks in a half plane satisfies an equation

F (x, t) = 1 +
∑
i

tai(x)
(
[xi]F (x, t)

)
+ tP (x)F (x, t)

⇒ F (x, t) is algebraic

the power series F (x, t) is algebraic over C(x, t).

Equations of one catalytic variable
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Let K(x, y) = 1− tS(x, y) where S(x, y) satisfies [x−1]S(x, y) < 0 et [y−1]S(x, y) < 0.

Définition [BM23] Let A = C[[x, y, t]][1/x, 1/y, 1/t], and H1(x, y), H2(x, y) ∈ A. If

H1 −H2 = K(x, y)U(x, y) with U(x, y) ∈ A

write H1 ≡ H2. The relation ≡ is compatible with +, ×.

Let I(x) ∈ A and J(y) ∈ A such that I(x) ≡ J(y), then

Tutte invariants : two variables to one

I(x) = O(x) J(y) = O(y)

then I(x) = J(y) = 0.

Invariants Lemma [BM23; B. 26+] If (I(x), J(y)) is a pair of invariants with

(I(x), J(y)) is a pair of invariants.
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Pole elimination

∈ C(x, t)× C(y, t)
Unknown(I1(x), J1(y)) = (1/xv1 + · · ·+O(x), 1/yv

′
1 + · · ·+O(y))

(I2(x), J2(y)) = (1/xv2 + · · ·+O(x), 1/yv
′
2 + · · ·+O(y))
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Théorème [B. 26+] There exist a nonzero P ∈ C[[t]][X,Y ]

⇒ by the invariants lemma

Pole elimination

∈ C(x, t)× C(y, t)
Unknown(I1(x), J1(y)) = (1/xv1 + · · ·+O(x), 1/yv

′
1 + · · ·+O(y))

(I2(x), J2(y)) = (1/xv2 + · · ·+O(x), 1/yv
′
2 + · · ·+O(y))

P (I1(x), I2(x)) = 0 et P (J1(y), J2(y)) = 0

I3(x) := P (I1(x), I2(x)) = O(x) et J3(y) := P (J1(y), J2(y)) = O(y)



Théorème [B. 26+] There exist a nonzero P ∈ C[[t]][X,Y ]

⇒ by the invariants lemma

Pole elimination

∈ C(x, t)× C(y, t)
Unknown

⇒ I1(x) and J1(y) satisfy equations of one catalytic variable

(I1(x), J1(y)) = (1/xv1 + · · ·+O(x), 1/yv
′
1 + · · ·+O(y))

(I2(x), J2(y)) = (1/xv2 + · · ·+O(x), 1/yv
′
2 + · · ·+O(y))

P (I1(x), I2(x)) = 0 et P (J1(y), J2(y)) = 0

I3(x) := P (I1(x), I2(x)) = O(x) et J3(y) := P (J1(y), J2(y)) = O(y)
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Well founded equations + Popescu ⇒ Q(x, 0) and Q(0, y) are algebraic ⇒ Q(x, y) is algebraic



2. On the orbit of large steps



G :=< Ψ,Φ >

with Ψ and Φ involutions satisfying
• Ψ(u, v) = (u, v′) et Φ(u, v) = (u′, v)
• S(Ψ(u, v)) = S(Φ(u, v)) = S(u, v)

Small steps group and orbitsums [BM 06, BeBMRa 17]
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with Ψ and Φ involutions satisfying
• Ψ(u, v) = (u, v′) et Φ(u, v) = (u′, v)
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Small steps group and orbitsums [BM 06, BeBMRa 17]
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Orbit [Bostan, Bousquet-Mélou, Melczer 18]



Orbit [Bostan, Bousquet-Mélou, Melczer 18]

Definition (u, v) ∼ (u,′ v′)
iff

S(u, v) = S(u′, v′) and u = u′ or v = v′

(x, x y)

(x, y)

(z, y)

(z, y z)

(xy2z, y z)

(−x, y z)

(−x y2 z,−xyz)

(−x,−xyz)

(−z,−xyz)

O(xy2z, x y) (−z, x y)

(−x y2 z, y)



Galoisian structure [B., Hardouin 24]
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C(t, x, y)

C(t,O)

C(t, x) C(t, y)

kinv = C(t, x) ∩ C(t, y)

C(t)

Gx Gy

Galoisian structure [B., Hardouin 24]

Théorème [B., Hardouin 24] The group G acts
on O by graphs automorphisms

σ · (u, v) = (σu, σv)

This action is faithfull, transitive and finitely
generated.

G :=< Gx, Gy >

K(x, y, t) = 0
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• Finite orbit
• Finite group
• Existence of nonconstant rational invariants
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Theorem [Fried 78; B., Hardouin 24] The following are equivalent
• Finite orbit
• Finite group
• Existence of nonconstant rational invariants

Theorem [B., Hardouin 24]
• The field of invariants kinv is C(t, f(x)) for some f(x).
• Let µx(X) =

∏
u:(u,v)∈O(X − u) the vanishing polynomial of left coordinates.

Then any coefficient of µx(X) spans kinv.
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(u1, v1)

(u2, v2)

(u1, v3)

3

−1

4
c = 3·(u1, v1)+4·(u2, v2)−(u1, v3)

For H(x, y) a fraction, define Hc ∈ C(t,O) by linearity

Hc(x, y) = 3 ·H(u1, v1) + 4 ·H(u2, v2)−H(u1, v3)

Orbitsums
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Théorème [B., Hardouin 24]

One may write (x, y) = γx + γy + α, so that for a H(x, y) ∈ C(t, x, y)
• H decouples iff Hα ≡ 0.

• If H decouples, then H(x, y) ≡ Hγx +Hγy .

Characterisation of decoupling

with Hγx = F (x) ∈ C(x, t) and Hγy = G(y) ∈ C(y, t)
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c = (u1, v2)− (u1, v1) + (u2, v3)− (u2, v2) + (u3, v1)− (u3, v2)

F (x)c = (F (u1)−F (u1))+(F (u2)−F (u2))+(F (u3)−F (u3)) = 0

G(y)c = (G(v2)−G(v2)) + (G(v3)−G(v3)) + (G(v1)−G(v1)) = 0

Observe that if H(x, y) ≡ F (x) +G(y)

Construction of α : bicolored cycles
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⇒ if H(x, y) decouples, then Hc ≡ 0 for all such c.
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(u2, v2)

(u2, v3)

(u3, v3)

(u3, v1)

(u1, v1)

c

+

−

+

−

+

−

c = (u1, v2)− (u1, v1) + (u2, v3)− (u2, v2) + (u3, v1)− (u3, v2)

F (x)c = (F (u1)−F (u1))+(F (u2)−F (u2))+(F (u3)−F (u3)) = 0

G(y)c = (G(v2)−G(v2)) + (G(v3)−G(v3)) + (G(v1)−G(v1)) = 0

Observe that if H(x, y) ≡ F (x) +G(y)

α is spanned by such c

Construction of α : bicolored cycles
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Proposition Let σ ∈ G, c a 0-chain and H(x, y) ∈ C(t, x, y). Then
σ ·Hc = Hσ·c

Construction of γx and γy : traces

Y0

Y1

Y2

Y0 :=
∑

σ∈Gy
σ · (x, y) Y1 :=

∑
σ∈Gy

σ · (x, y1)
Y2 =

∑
σ∈G σ · (x4, y1)
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If σ ∈ Gy, one has σ · Yi = Yi

Proposition Let σ ∈ G, c a 0-chain and H(x, y) ∈ C(t, x, y). Then
σ ·Hc = Hσ·c

⇒ If H(x, y) ∈ C(x, y, t), and σ ∈ Gy, one has

σ ·HYi
= Hσ·Yi

= HYi
∈ C(t,O)

Construction of γx and γy : traces
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If σ ∈ Gy, one has σ · Yi = Yi

⇒ HY0 , HY1 , HY2 ∈ C(t, y) by Galois
correspondence

Proposition Let σ ∈ G, c a 0-chain and H(x, y) ∈ C(t, x, y). Then
σ ·Hc = Hσ·c

⇒ If H(x, y) ∈ C(x, y, t), and σ ∈ Gy, one has

σ ·HYi
= Hσ·Yi

= HYi
∈ C(t,O)

Construction of γx and γy : traces
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If σ ∈ Gy, one has σ · Yi = Yi

⇒ HY0 , HY1 , HY2 ∈ C(t, y) by Galois
correspondence

Proposition Let σ ∈ G, c a 0-chain and H(x, y) ∈ C(t, x, y). Then
σ ·Hc = Hσ·c

⇒ If H(x, y) ∈ C(x, y, t), and σ ∈ Gy, one has

σ ·HYi
= Hσ·Yi

= HYi
∈ C(t,O)

γy is spanned by the Yi

Construction of γx and γy : traces

Y0

Y1

Y2

Y0 :=
∑

σ∈Gy
σ · (x, y) Y1 :=

∑
σ∈Gy

σ · (x, y1)
Y2 =

∑
σ∈G σ · (x4, y1)



Example

(x, y) =
(
X0

2
− X1

8
+ X2

8

)
+
(
Y0

4
− Y1

4

)
+ α

X0

X1

X2

X3

Y0

Y1

Y2

xy ≡ −3tx2−t−4x
4t(x2+1)

−y+4
4y

0+ +



A nice formula

Theorem [B., Hardouin 24] If the orbit is distance-transitive, then the
decoupling of (x, y) is given by

γx =
∑
i≥1

#Xi

#O
∑

1≤2j+1≤i

(
X2j

#X2j
− X2j+1

#X2j+1

)

γy =
∑
i≥1

#Yi

#O
∑

1≤2j+1≤i

(
Y2j

#Y2j
− Y2j+1

#Y2j+1

)



A nice formula

Theorem [B., Hardouin 24] If the orbit is distance-transitive, then the
decoupling of (x, y) is given by

γx =
∑
i≥1

#Xi

#O
∑

1≤2j+1≤i

(
X2j

#X2j
− X2j+1

#X2j+1

)

γy =
∑
i≥1

#Yi

#O
∑

1≤2j+1≤i

(
Y2j

#Y2j
− Y2j+1

#Y2j+1

)

⇒ newton sums
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finite orbit

Functional equation
for Q(x, y)

Paire of invariants
with Q(x, 0) and

Q(0, y)

Decoupling of
xi0yj0

Rational invariants

Invariants with no
poles at x = 0 and

y = 0

Q(x, 0) and
Q(0, y) algebraic

Q(x, y) algebraic

Algebraicity strategy for models with a finite orbit

decide ? nice poles ? well founded equation ?



3. A showcase : stretched Gessel models ([B. 2026+])



. . . ︸ ︷︷ ︸
nH1 H2 Hn

The stretched Gessel models



Finite orbit
(x, y)

(λi x, y)

(λi x, λ
−n−1
i y′)

(λ′
j λi x, λ

−n−1
i y′)

(x, y′)

(λ′
j x, y

′)

(λ′
j x, (λ

′
j)

−n−1 y)

(λi λ
′
j x, (λ

′
j)

−n−1 y)



Invariants

(I1(x), J1(y)) =
(
???, (y+1)n+1

yn + yn

tn+1(y+1)n+1

)
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Decoupling points

1

2

3

i

j

4

5

n− 1 n 2n+ 1

i = n+ (n+ 1)j

When does xi+1yj+1 admits a decoupling ?

n ≥ 2

• xny ≡ − 1
x + y

t(y+1)

• (x(n+1)y)k ≡ fk(x)− 1
yk
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Algebraicity

Lemma: Let (F (x), G(y)) be a pair of t-invariants. If

G(y) = O(y) and G(y − 1) = O(y)

then (F (x), G(y)) is a trivial pair of t-invariants (and G(y) = G(y − 1) = 0)

⇒ explicit catalytic equations for Q(0, y)

⇒ algebraicity of Q(0, y), and then Q(x, 0) and Q(x, y)
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Some future questions

• systematically investigate the ”algebraic” starting points for models having a finite orbit

• to which extend is the criterion ”finite orbit + decouping ⇒ algebraicity” true ?

• further exploit the finite orbit (extension to large backwards steps ?)




