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A problem from geometric group theory: Cogrowth

'

Converting it into a problem on walks on graphs

Y

Generating functions, analytic combinatorics, pattern theorem, etc.

Y

Some results about cogrowth via this method
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e W={we(SuS!): w=einTl}

Q ll)n:#{WG W:|W‘:n}
1, counts closed walks of length n at the identity in the Cayley graph of [ wrt SU S—1
Cogrowth series

\Ur’s(Z) = an Zn.

n>0

Cogrowth and the diagonal of the heat kernel on I are the same thing, up to rescaling, since

Un
(@lsf)?

= P[SRW returns to e at time n|.
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e Integers and square grid of integers

2n 1 2n\ 2
— 2n:: u, _ 2m
=3 (V)= ot wa=X (%)
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Context 1: Amenability

The cogrowth (rate) is a = limsup,, 1 Mn e [1,2|S]].

Grigorchuk—Cohen theorem

a=2|S| <= T isamenable.

Some results:

e Free group Fx: o = 2+/2k — 1 < 2k, non-amenable.
e Abelian / nilpotent / solvable groups are amenable.

e Thompson's group: very unknown amenability.
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Context 2: Hierarchy

Kouksov’s theorem

Cogrowth series rational <= T is finite.

An analogous result for algebraic series is unknown. However, a longstanding conjecture exists.

Conjecture

Cogrowth series algebraic <= T is virtually-free.

(«): Known via a combination of results of Muller-Schupp and Chomsky—Schiitzenberger.
(=): Open.
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Our main result

Consider the family:

g(pla"'7pk):gk:<ala--'aak alfl:aggz"':aik>7 k7p122

Main theorem

For all k > 2 and py,..., px > 2, the cogrowth series of the above presentations is D-finite
but not algebraic. Additionally, the cogrowth (rate) is an algebraic number.

e Gives more “explicit” examples of presentations with D-finite cogrowth.

e Supports the longstanding conjecture.
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The result and the conjecture

P2 __ Pi

Cogrowth series of G, = <al, e, Ak | gt = a = oo = gff > is not algebraic.

Gk=Zx(ay,...,a | af = = =a =e)

The second group is virtually-free.

Even with such a “tame” extension of a virtually-free group, the cogrowth series is not
algebraic. Lends more credence to the conjecture.
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(1) A normal form.
A=a'=a=...=al*is central. So (A) is a normal subgroup of G, and consequently
every w € Gy has a normal form

w = A"y, v is a word with no aj‘-’j factor.

(2) A bivariate generating function.

Fx(z:q) = Z fomz"q", fom=#{we(SUS™) :|lw|=n w=A"}.

Then Vr 5(z) = [¢°] Fi(z; q).

(3) A Gaussian local limit law for .
A whole bunch of combinatorial machinery goes here.

(4) Result using the asymptotics of Fy.
[4°] Fk(z; ) ~ Cp~"n=2 (or n—1) asymptotic is incompatible with algebraicity.
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Schreier graph of I

For G(p1,- .-, pk), consider the Schreier graph wrt the subgroup (A). The vertices of the
Schreier graph are cosets and edges are generators.

bn;—.ba a2b3 ® g(3’4) - <a> b I a = b4>
A 4 a2f)2 i .
e Every vertex is labelled by the suffix
be a? in the corresponding normal form.
2 2
Kb/ a’b e \ertex-transitive and finite
‘/. % tree-width.
1242 \ ab® L
e a e Every closed walk at the root is in
b bijection with a word in (A).
b3a 342 ab ab?

10
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Winding number (exponent of A)

e We embed the Schreier graph in the plane and orient each polygon.

e For a closed walk on the Schreier graph, the winding number is the signed count of times
it traverses any face counterclockwise.

Winding numbers —1, 0, +1.
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4 e For each closed walk w,
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Winding number (exponent of A)

4 e For each closed walk w,

ba? ba a’v? a2b?
’ w = A(Winding number of w) in Gy.
b a2
L b%a a’b
\bZ/ e

b%a? ab®

e As before, vertex labels are in
bijection with suffixes of normal
forms.

B3 a
/\ . e So Fi(z; q) is also the bivariate
ba b’a’ ab ab generating function counting closed

walks by length and winding number.
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A problem from geometric group theory: Cogrowth

'

Converting it into a problem on walks on graphs

Y

Generating functions, analytic combinatorics, pattern theorem, etc.

Y

Some results about cogrowth via this method
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The system of equations

eeoe M2/. M,
\ q
"
| Ly
q
LO eeo
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The system of equations

Lo=1+2z[Li+q- L],
Ly = z[Lo + Lp] - My,

L2 = Z[C]il . LO + Ll] . Mo.

Mo =1+ z[My + q - M3],
My = z[Mo + My] - Lo,

My = z[My + M3] - Lo,

Ms = z[g~ - My + My] - Lo.
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The system of equations

Ly=1+4z[Ly 4+ q- L],

Ly = z[Lo + Lp] - My,

L2 = Z[C]il . LO + Ll] . Mo.

Glue facets back together through primitive walks:

Lo

1
T1-pP

Mo

1
T1-pP

Mo =1+ z[M; + q - Ms],
My = z[My + My] - Lo,

My = z[My + M3] - Lo,

Ms = z[g~ - My + My] - Lo.

T1-(Pt Py
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The system of equations, more generally

For G(p1, ..., pk), the Schreier graph has k facets intersecting at every vertex, with side
lengths p1, ..., pk. For every facet, the system we get is (1 <7 < k):

L) =14 2[t) 4+ q19 ],

LD = 2[1D) + 19131 (1<r<pi-2),
JF#i
TN UNSH) 1)
J#i

Glue facets back together through primitive walks:
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Path to asymptotics

First consider the system of walks on partial graphs (1 < i < k):

L9 =14 2[00 4 19 ],

pi—1
10 = 2[4 19131 (1<r<pi-2),
J#i
ijli)*l = Z[LI(JII)*2 + q_ng)]ZLg)'
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Path to asymptotics

First consider the system of walks on partial graphs (1 < i < k):

1) =14 2[t 4+ g9 ],

L0 = Z[1D 101319 (1<r<pi—2),
i#i
O IRY 0) )
#i

e Has nice properties like positive, polynomial, strongly-connected, etc.

e Would like to show a Gaussian local limit law, using some variant of the
Drmota-Lalley-Woods theorem.
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Variance

Want to show

i aip 2" —b;im?
24" = Ganam = 22 (exp (o3 ) + O

e Main issue we face here is showing that the winding number has Q(n) variance.

We deal with it by proving a pattern theorem for walks.

A pattern theorem says that most large members of a combinatorial class have a positive
density of any fixed local pattern or motif.

The first pattern theorem is attributed to Kesten (1963) for self-avoiding walks.
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Pattern Theorem
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Pattern Theorem
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Pattern Theorem
/ \‘ Consider a pattern to be a single loop along a facet.

\ e Then we show that there exists constants ¢, d > 0 such
AN

that for any random closed walk y of length n

/ \\ —d
)/ \ \ IP’[y has < cn patterns] <e
/ \]
o
* 1
N ) \ </ e Hence, we make lots of small loops in long walks.
/

AN Since these loops can be independently reversed, the

A\
N7

variance is Q(n).
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Partial Asymptotics

One can put all this together to get the asymptotics for walks on partial graphs.
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Partial Asymptotics

One can put all this together to get the asymptotics for walks on partial graphs.

Theorem 1

Let L(()i) = mCinmz"q". Then, asymptotically

aj —2n _m2
Ci2n2m = P2 (eXP ( ) + O(ﬁ)) )
n yn

when m is close to 0, for some positive constants a;, p, .
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e Want to show Ly and Fyx have the same dominant singularity.

e Only way for it to not happen is if Fx is dominated by the pole instead of the singularity
from L.

e If dominated by a pole, the expected number of returns in a closed walk is Q(n).

e However, for our graphs, can use Gouézel's local limit law for walks on Cayley graphs of
hyperbolic groups.

e Using that, one can show that the expected number of returns is O(1).
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Main local limit law

Since Fi and Ly have the same singularity, one can write the asymptotics of Fy.

Theorem 2

Let Fy = Zn’m fo,mz"q™. Then, asymptotically

C —2n _m2
f2n,2m — 772 (exp ( ,yr: ) + O(ﬁ)) )

when m is close to 0, for some positive constants C, p, .

Consequently, Wg, = [q°]Fx is D-finite but not algebraic due to the n~—2 polynomial factor.
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Thank you!
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