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Göllnitz–Gordon identities
Given integers n ě 0 and i P t1, 2u, let

Gipnq “

$

’

’

’

’

&

’

’

’

’

%

λ $ n : each part of λ ě 2i´ 1,
λ has no equal or consecutive parts,
λ has no consecutive even parts

,

/

/

/

/

.

/

/

/

/

-

,

G1ipnq “ tλ $ n : λj ” 4, p2i´ 1q, p9´ 2iq pmod 8qu

Then |Gipnq| “ |G1ipnq|.
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Example: n “ 10

G1p10q G11p10q

10

9` 1

8` 2

7` 3

6` 3` 1
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First proof: Recurrence approach
Second proof: Generating series

Example: n “ 10

G1p10q G11p10q

10 9` 1

9` 1 7` 1` 1` 1

8` 2 4` 4` 1` 1

7` 3 4` 1` 1` 1` 1` 1` 1

6` 3` 1 1` 1` 1` 1` 1` 1` 1` 1` 1` 1

|G1p10q| “ |G 11p10q| “ 5.
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A new companion to the Göllnitz–Gordon identities: (P.A. 2026)
Given integers n ě 0 and i P t1, 2u, let

Hipnq “

"

λ $ n : odd parts are distinct and ě 2i´ 1,
even parts are ě 2p`pλq ` i´ 1q

*

.

Then |Hipnq| “ |Gipnq| “ |G1ipnq|.
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First proof: Recurrence approach
Second proof: Generating series

Example: n “ 10

G1p10q G11p10q H1p10q

10 9` 1 10

9` 1 7` 1` 1` 1 9` 1

8` 2 4` 4` 1` 1 7` 3

7` 3 4` 1` 1` 1` 1` 1` 1 6` 4

6` 3` 1 1` 1` 1` 1` 1` 1` 1` 1` 1` 1 6` 3` 1
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10 9` 1 10

9` 1 7` 1` 1` 1 9` 1
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7` 3 4` 1` 1` 1` 1` 1` 1 6` 4
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Sketch of the proof

For a partition λ, write

λ “ pλpeq, λpoqq

Define

Hipr, s, nq “ #
!

λ P Hipnq : `pλpeqq “ r, `pλpoqq “ s
)

,
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A new system of recursion formulas:

Hipr, s, nq “

#

1, if pr, s, nq “ p0, 0, 0q,
0, if mintr, s, nu ď 0, pr, s, nq ‰ p0, 0, 0q.

H1pr, s, nq ´H2pr, s, nq “ H1pr, s´ 1, n´ 2pr ` sq ` 1q
`H1pr ´ 1, s, n´ 4pr ` sq ` 2q.

H2pr, s, nq “ H1pr, s, n´ 2pr ` sqq.
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Second equation of the system

H1pr, s, nq ´H2pr, s, nq “ H1pr, s´ 1, n´ 2pr ` sq ` 1q
`H1pr ´ 1, s, n´ 4pr ` sq ` 2q.

Hipnq “

"

λ $ n : odd parts are distinct and ě 2i´ 1,
even parts are ě 2p`pλq ` i´ 1q

*

.

Gipnq “

$

’

’

’

’

&

’

’

’

’

%

λ $ n : each part of λ ě 2i´ 1,
λ has no equal or consecutive parts,
λ has no equal or consecutive even parts

,

/

/

/

/

.

/

/
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/

-

.
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Göllnitz–Gordon identities: analytic version
For i P t1, 2u we have:

8
ÿ

n“0

qn2`p2i´2qnp´q, q2qn
pq2, q2qn

“
1

pq, q8q8pq2i´1, q8q8pq9´2i, q8q8
.

q-Pochhammer symbol :

pa; qqn “

$

’

’

&

’

’

%

1, n “ 0,
n´1
ź

k“0
p1´ aqkq, n ě 1,

pa; qq8 “
8
ź

k“0
p1´aqkq.
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Theorem (P.A., 2026)
For i P t1, 2u we have:

8
ÿ

n“0
Hipnqq

n “

8
ÿ

n“0

qn2`p2i´2qnp´q, q2qn
pq2, q2qn

,

where Hipnq “ |Hipnq|.
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Sketch of the proof (for i “ 1)

H1pnq “

"

λ $ n : odd parts are distinct,
even parts ě 2`pλq

*

.

8
ÿ

n“0
H1pnqq

n “
ÿ

r,sě0

´ q2rpr`sq

pq2, q2qr

¯´ qs2

pq2, q2qs

¯

.

„

n
k



q

“
pq; qqn

pq; qqr pq; qqn´r
, 0 ď k ď n.

The finite q-binomial theorem:

p´z, qqn “
n´1
ź

r“0
p1` zqrq “

n
ÿ

r“0
qp

r
2q

„

n
r



q

zr.
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¡Thank you for your attention!
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