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Network for H”Y-*

*y = (Fi)k=0, 0 = (Sk)k20, T = (L)1

e Catalan—Stieltjes matrix C”"%°7 = (cp i )n.k>0:
C0,0 = 1
Cn,0 = S0Cn-1,0 + 11Cp—1,1,
Cnk = Tk=1Cn—1,k-=1 T SkCn-1,k t Tk+1Cn—1,k+1>

 The associated Hankel matrix:

Hy’O-’T — (CH‘].,O)Z',‘].ZO.

* The entries ¢, o : Catalan-like numbers.

Immanants

* For a matrix M = (m;;)1<; j<n and 4 + n, define

tmm v = 3 <n>nml o

e,
to be the immanant of M with respect to A.

* This conceptis a generalization of the determinant
because Imm 1~y M = det M.

g-positivity

* f(q) 1s called g-nonnegative if f(g) € N|qg],
written as f(qg) >

* A matrix M 1s called g-totally positive (g-TP) 1f
all 1ts minors are g-nonnegative.

If y = (ri)k=0, 0 = (sK)k>0 and 7 = (#x)r>1 are
g-nonnegative polynomials and satisty one of the
following conditions:

(1) so =, ro, and sy >, ry + ty for k > 1;

(2) 5o =q 11, and sy
(3)so =4 1, and s
(4) so >, rot1, and sy

>a Ti—1 + iyl for k > 1;

>, k-1t + 1 for k > 1;

>, Tktk+1 + 1 for k > 1,

(5) there exist two g-nonnegative polynomials by
and c, such that rp, = 1, s = by + ¢, and
tiry1 = bry1cy foreach k > 0,

N

Then every immanant of every square submatrix
of C”7°" or H"?°" 1s g-nonnegative.

A stronger form

Let v, 0,7 be given as above. Then for any n X n
square submatrix M of C¥" or H”?'' and any
irreducible character y*, we have

Immy M — deg(y*) det M >, 0.

Motivation

* Pan and Zeng (2016), Wang and Zhu (2016):
CY?% " and H”9°" are g-TP.

e Stembridge (1991): Imm, M > O for TP matrices.

e Our result 1s a generalization of the above two
results.

Proof sketch

Finding recursive formulas of C”-?* and HY“"7
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Construct planar networks for C”-?>* and H”-7>7

" Deduce immanant positivity by means of Goulden- |
Jackson, Greene, Stembridge and Wolfgang’s results.

*C, = (ci,j)o<i,j<n: the nth leading principal sub-
matrix of C”7".

e The recurrence relation can be written as

_ . (10
Cn+1 — CnLna Cn — (0 Cn) ;
where
(1 \
S0 1
L,=1t1 s1 r
\ In Sn rn/

Digraph construction for L,

«Set P = (2n,i), O\ = (2n + 1,1).
 The vertex set:

(n) (n) (n) (n) (n+1)
Po .. P+1,Q ...,Qn+1,P

* The arcs:
(1) horizontal: P]({”) — Q](C
forO<k<n+1;
(2) diagonal: P( N Qk+1 and Q](cn) N P]({’:D
for 0 < k < n;
' . p(n)
(3) super-diagonal: P,
n.

—] Q(n) P](€n+1)

— Pl(:rll) for) < k <

The d1graph Dy, of Ly 1s shown below.
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Planar network for L,

* Now we give the weights of the arcs. In case (1),
wi(P" = 0}") = rus,
wi(P" = 0})) =ty

k+1

wt(P — P VY = 5, 4 = rack = ek

and the remaining arcs all have weight 1.

* The other four cases are similar and the weights
correspond to the conditions.

e Under this construction, the (i, j)-entry of L, is
exactly the sum of Weights of all directed paths
from P,g M to PUD that s,

n+l-j’

- (n) (n+1)
— (GFLH(Pn+1—l, Pn+1—]))()§l ]Sl’l'l'l ’

Network for C,

* The planar network for C,, can be recursively
constructed from that of Lo, Ly, ..., L,_1.

* The resulting planar network satisfies

C, = (GFC (P(O) P )) |
0<i,j<n

n—i’ -]

* (3 as an example:
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*Fix k > 0. Let H, be the nth leading principal
submatrix of H”9°*. Then

B (n+k—i) p(n+k+j)
= (GFC32n+k (Pn+k—i ’ Pﬂ"'k"‘j ))OSi,an .

When r; = 1 for k > 0, we have

H, = C,T,C!, T, = diag(1,t1, t1t2, .. ., tit2 -+ - 1).

H3 as an example for another construction 1n this
special case:
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From networks to positivity

e Goulden and Jackson (1992), Greene (1992),
Stembridge (1991), Wolfgang (1997):

oIf a planar network for a matrix M is D-
compatible, then the immanants of all square
submatrices of M are nonnegative polynomials
in the arc weights.

* Applying this theorem to our planar networks
yields the main result since in the construction all
the arc weights are g-nonnegative.

New inequalities from immanant positivity

e Let (ax)r>0 be a sequence of Catalan-like num-
bers.

eForany 0 <i; <ip <izand 0 < j; < j2 < J3,

2((11'1+j2ai2+j1ai3+j3 t Qi+ j3Ain+ j R+ i
+ al’1+j1ai2+j3ai3+j2) o 3(ai1+j2ai2+j3ai3+].l
+ ai1+j3ai2+]'1al.3+]’2) Zq 0

e In particular, for 0 <i < j < k,

( )

2 2 2
dzidj+k+dzjd,-+k+a2kd,-+j—3ai+jdj+kdk+i >, 0.

\ J

Applications to traditional combinatorial

polynomials

* The Eulerian polynomials E,(qg) are defined by
nom_ En(q)
2 m+1)'q" = =

m=>0
and they are generated by ry, = k + 1,5, = k(g +
1) + 1,141 = (k + 1)g, which satisfy (1).
e Therefore, for 0 <i < j < k,
152,152 o+ EyES + EyE? 3E;4 iE ;1 Epyi.

* The same 1s true for Schroder polynomials and
Narayana polynomials of type A.

i+ —q

Selected references

1. M. Aigner, Catalan-like numbers and determinants, J. Combin.
Theory Ser. A, 87 (1999), 33-51.

2.X. Chen, H. Liang and Y. Wang, Total positivity of recursive
matrices, Linear Algebra Appl. 471 (2015), 383-393.

3.1.P. Goulden and D.M. Jackson, Immanants of combinatorial
matrices, J. Algebra 148(2) (1992), 305-324.

4. C. Greene, Proof of a conjecture on immanants of the Jacobi-Trudi
matrix, Linear Algebra Appl. 171 (1992), 65-79.

5. Q. Pan and J. Zeng, On total positivity of Catalan-Stieltjes matrices,
Electron. J. Combin. 23(4) (2016), P4.33.

6.J.R. Stembridge, Immanants of totally positive matrices are non-
negative, Bull. London Math. Soc. 23(5) (1991), 422—-428.

7.Y. Wang and B.-X. Zhu, Log-convex and Stieltjes moment se-
quences, Adv. in Appl. Math. 81 (2016), 115-127.

8. H.L. Wolfgang, Two Interactions Between Combinatorics and

Representation Theory: Monomial Immanants and Hochschild
Cohomology, PhD thesis, MIT, 1997.



