Congruences for hook lengths of partitions
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Introduction
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. A= (A1, Ag, ..., \p) of m: positive integer sequence such that Ay > Ao > -+ > Ay and |\ = Z Ai =N
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: partition A € 7P_: partition such that
\ ar+za+2z... a9+ %
B a1 a ... ag /)
: fort >2and 0 < 2z <t —1, set of partitions in P, such that in their Frobenius notation, (a; + %)/t ¢ N and (2a; + 2+ 1)/t € 2N+ 1, forall 1 < 7 < d and
| <EkE<z
= A s a partition with no hook length divisible by ¢, where the s the number h(i,j) = A + Aj —i — j + 1 for a box (4,7) € A
For t € N*, s the set of all hook lengths divisible by ¢.
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(a) Durfee square (b) Hook lengths (c) (5,4,4,1) € P (d) (2,1,1,1) € P_s
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Main theorem Hook lengths and congruences
Lett > 2 and 0 < z <t — 1 be integers, and py, ps be functions defined on N. Let - number of hooks of length ¢ in the partition A
ft and gt be the following formal power series: Remark: n1(A) corresponds to the number of distinct antecedents of A in the Young
Z g H pi(th)? and  gqi(q Z g H p1(th)? Z po(th) _atﬁice and n4(A) is the number of paths of the form s; - - - s;.+ ending at A in the Young
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Then we have Theorem (Han—Ji, 2011)quk|yn1()\) _ (( (qu))QJ Q) |
> Ml H pi(h Z pa(h \eP e
AeBG, heH (X heH (A where
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=z 24 =221 o9 o didztl Uizl 9% o - number of hooks of length ¢ among the self-conjugate partitions of n. When ¢
= 2 I 9 _(ft( )) g(xq ) HO (_q , —( qd 4 )OO S even PO:BGO,t
Theorem (Amdeberhan—Andrews—Ono—Singh, 2024): ¥n > 0, al,(n) =0 (mod 2t).
A key tool: the Littlewood decomposition
Set A C P, Restriction to BG.
- bijection such that ANeP— (wt, ) S BGzt() ><73W_Z)/2J NW | AL AL AL N AL A A NE
t o I
AEP — (wt> v) € Py xP Remark: Albion(2026) when |z| > 1, the ¢ quotient Aol (3‘}’(?
. f a z-asymmetric partition heavily depends on the As| o
_ (i 7 Y P Y Aep -- RN,
- tUH core. This implies that we do not have theorems as i“__ ——><Pl N
o nice as above on the set of z-asymmetric partitions. AZ" .
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A corollary when p; =1 Applications
- number of hooks of length ¢ among all partitions of n in BG, ;
[(t=2)/2] -1
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