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A k-variate random variable X = (X1 4, ..., Xk q) is called g-continuous if there exists a non-negative function

e Born: 19 December 1945, Koilani, Limassol, Cyprus.
fq(Xl,...,Xk) >0, x,>0,i=1,...k

® B.Sc. in Mathematics, National and Kapodistrian University of Athens (1969).

e Ph.D. in Statistics (1972), supervised by Professor Th. Kakoullos. with
e Joined the Department of Mathematics in 1971; full professor in 1987. / / / a(X1, oy Xk )dgxy - - dgxie = 1,
e Visiting p.rofessor at MCG.I” Un!versf?y, Temp.le L.Jnlv.er5|ty, and the Unl\{er5|t.y of Cyprus. where for every real numbers a;, 5 with a; < B;. i=1,.
® Research interests: combinatorics, discrete distributions, parameter estimation, 4 4
ac . . k 1
probability and statistics. Ploa < Xig < Bi,..., 0k < Xeg < Bi) = / N / £(X1, - xk)dgxt - - - dgXi.
e Author of four research monographs, several textbooks, and ~ 70 journal articles. vk a
e His scientific legacy continues to inspire researchers and students. The function fy(xi, ..., xk) > 0 is called g-density function of the k-variate random variable X = (X1, ..., Xk 4) or joint
g-density function of the random variables Xj o, ..., Xk ¢.

For the corresponding joint distribution function, we have:

Xk X1
Fxts 30 = P (X < 1, X < ) = / / £ty t)dgtr - dati.
0 0

Taking the g-derivative of the above relation we have

. ' M | e OF (x1, ..., xx) = fy(x1 ) Xk) = P(gxi < Xig <x1,...,qx < Xig < Xx)
e . q 9 o oo —_— — L — .
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On Heine stochastic process, K & V' 17

s b e Consider a stochastic model that is developing in time or space, and let X(t), t > 0, be the number of successes (occurrence of

event A) in the interval (0, t]. Assume that X(t),t > 0, is a stochastic process, with independent and homogeneous increments,
which starts at time t = 0 from state 0, P (X(0) = 0) = 1, and, in the small time interval (qt, t]|, of length 6t = (1 — q)t,

Univariate and multivariate discrete g-distributions (Charalambides, 2016, 2024) satisfies the condition C
TtA1-qt J — 0,
: A1—q)t .
p(6t) = P(X() ~ X(qt) —j) = { a1
:In;';;ls)eyg ometri g-Hypergeometric \ 07 j > 17
lj_gy;ergeomemc Ppergeomatri Univariate discrete g-distributions: with 0 < A < co. Then, X(t),t > 0, is called Heine process, with parameters A\ and q.
= stochastic models of sequences of n independent Bernoulli trials with success e The probability function of the Heine process, X(t),t > 0, with parameters \ and g, is given by
Negive | [ Negatve || pimomia probability varying geometrically (with rate g) either with the number of previous (k)( v
“ikina || " || trials or with the number of previous successes, or both g\ (At
\-/ / ( ( ) ) CI( ) [k]ql )
Eule . _1 - . -
l l for k € N, where eg(z) = [[72; (1 — (1 — q)zg'" ') ~, |z| <1/(1 — q) is the small g-exponential function.
A e The distribution function of the waiting times W,, n > 1, in a Heine process is that of the g-Erlang distribution of the first kind,
etorme eltjes Deformed Gaussian I .
Wigert with parameters n, A and g, given by
n—1 (X) X
: 2)(Aw
Ml::t%\?:r‘;:te I_lIVlultivariate Fn(W) — P( Wn S W _ 1 . Z eq [(] I ) 70 <w< OO,
= ergeometric 7 ypergeometric . . . . . . X -
L | t | Multivariate discrete g-distributions: K
emative o | |- Multinomiai Negative stochastic models of sequences of n independent Bernoulli trials with chain- where n is a positive integer, 0 < A < 0o. lts g-density functlon fo(w) = dyFo(w)/dyw is given by
{ ‘l/kmd orMultinomial | | ¢-Multinomia composite successes, where the odds of success of a certain kind at a trial is () 7
. - assumed to vary geometrically (with rate g) with the number of previous trials or fo(w) = . t”_leq(—)\w), 0 < w < o0,
Heine Multiple with the number of previous successes, or both. [n — ]q'
e e The g-density function of the interarrival times T1 = Wi, Ty = Wi — Wi_1, k > 2, in a Heine process is that of the
l g-exponential distribution of the first kind, given by

Multivariate Deformed

Sticltjes Wigert it fr.(t) = Aeg(—At), for0 <t <ooand 0 <\ < 0.

Deformed Gaussian

o Let W= (Wig,...,W, ), be a vth-variate random variable and Wj 4, k = 1,...v be the random variables of the waiting
times in a Heine process. Then the joint g-density function of the random variables Wy ,, kK =1,...v, is given by
g-Multinomial distribution of the 1st kind ,
fw(Wl,... )\ Heq WJ 1)),W0:0,

e X;: #successes of a jth kind in a sequence of n independent Bernoulli trials with chain composite failures, where the probability

of success of the jth kind at the jth trial is given by 0<w <...<w <00, where 0 < A < oo,

I—1

(9.
. Jg —, 0<fj<o0, j>1,i>1,0<qg<1
+0jq Motivation: a theorem leading to g-order statistics, V’'23

e Joint probability function of the random vector X = (Xi, ..., Xx) is given by

Pi.i =

. n £ Qfgq()g) Let W, be the waiting time of the nth arrival of the Heine process {X(t), t > 0} with parameters A and g. Then the joint g-density
fo(Xt, ... x) =P(Xi=x1,..., Xk =x¢) = ( > H n—s 1 - function of the waiting times Wi, ..., W, in which the first v events occur given that X(t) = v, 0 < wy < -+ < w, < t with
XL Xk/q 1 [Ty (1+ 0iq ) . v—itly av=if] | = — 1, is gi
J w; € (q t,q" 't], i=1,...,v—1, is given by
: k
with 3571 < nand 5 =31, x; o L e £ (was X (8) = v) = 2
The discrete limit of the joint p.f. of the g-multinomial distribution of the 1st kind is the multiple Heine distribution: q(’;)ty
k xi (% k X' . 00
n Q.Jq(z) J )\ Xj _
in (") s - (14 M= Qg ) =0 A >0, = 6/(1— q).
n—00 x1,...,quj11H 11(1+9Jq’1 1:[ X! g ’ ’ ’ ’ ’
Classical order statistics
) T ) Let a v-variate random variable X = (Xi,..., X,) be defined in a sample space Q. Then for the values x; = Xi(w), ..., x, = X,(w),
q-Multinomial distribution of the 2nd kind w € Q there is a permutation (i1, ..., i,) of the v indices {1,..., v}, such that x; < --- < x; , < x;. The k-th ordered random
variable is denoted by X() and defined by X,)(w) = xx), w € Q, where x4) = x;, k = 1,...,v. In particular, for k = 1 this gives
® Y;: number of successes of a jth kind in a sequence of n independent Bernoulli trials with chain composite failures, where the Xy = min{X1,---,X,} and, for k = v this gives Xy = max{Xi,..., X,}. Generally, Xy < < X
conditional probability of success of the jth kind at any trial, given that / — 1 successes of the jth kind occur in the previous trials
Is given by
pii=1—0q ' j>1i>10<6 <1 g-Order statistics (V’'23), dependencies & patterns (V’25)
e Joint probability function of the random vector ) = (Y1, ..., Yx):
P n—s; Let Y = (Y1,...,Y}) be a v-variate random variable and Y/, be the corresponding k-th ordered random variables. Assume
n - j—
fyMS(YM---ayk):’D(le)’l:---ayk:yk):<y1 yk> Lo/ 1] 1 —6a7"). 0< Yy <qY <Y< <Y1 <q¥y< Yy <5
o qj=1 i=1
_ ’ then, Y(y is called the k-th g-ordered random variables.
yi=01,...,n oxi<n 5=y . : : L P : : :
4o e =L = =L o _ o For any integer r between 1 and v, let {i,..., i} be an r-combination of {1,..., v} satisfying i < --- < i,, and let {i,11,..., 0}
The discrete limit of the joint p.f. of the g-multinomial distribution of the 2nd kind is the multiple Euler distribution: be its complementary combination (i.e., one has {f,... i} U {irt1,..., i} = {1,...,v}) satisfying 11 <--- <i,. Then, the
k n—s: Vi 5 g . . . .
_ n Ty X/ non-ordered random variables Y;'s satisfy the following dependence relations for y € [0, /3].
||m( ) H@jﬁn(l—jq Hl— 1—q)¢ ) Ai=0i/(1—q).
n—oo \ yi, s Yk q i1 ] j=1 [ J]q

PY, <ylYi<y,....Yi <y)=P (y < qdes(yr)y) , where des(),) = Zly>y with Y, = (Y, ..., Y;),
Jj=1

P(\/’rgy|\/’1>y7 )/’rl ) P(\/’rgy)7 and
>y7°-'7\/im_1>_y>:P(\/im,q_ deS(ym)y)’ Wlthym—( ,1,...,Y,-m),m:r—|—1,. %

Multivariate g-hypergeometric distribution

P(Y, <ylYa<y,....,Y, <y,

Ir+1

14
Sg:ZV,', ford=1,... k—+1, .

e Consider an urn containing v balls, {by,...,b,}, of k + 1 different ordered colors, with v, distinct balls of color ¢,
{bs, ,+1,bs 12, bs}, for £ =1 ... k+ 1, where sp =0, and

Distributional properties of g-order statistics.

with sx 1 = v. The first k colors, {ci, ..., ck}, may be considered as shades of white, and color {cx.1} as black. Joint and marginal g-densities for dependent random variables.

Results for extrema, spacings, ratios, differences, and sample medians.

[

o
o W, : number of balls of color ¢; drawn in n g-drawings in a multiple g-hypergeometric urn model, with the conditional probability Distributional properties for dependent, non-identically distributed g-uniform and discrete g-uniform random variables.
L
o

of drawing a ball of color ¢; at the ith g-drawing, given that j, — 1 white balls of color ¢, and a total of colors c1, ..., c/—1 are Permutation statistics and their g-analogues as fundamental tools in the analysis.
drawn in the previous i — 1 g-drawings: Extensions to g-Dirichlet, g-Beta, and Heine-process models.
[ve — jo +1]q
p,w(g): ST ]., ,I,€:1, ..,k,IZ].
Jaill,
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