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Protein contact maps

In the lattice model, two amino acid residues of a protein fold form a contact if they are not
consecutive in the chain, and reside on two adjacent points in the lattice. All contacts of a

protein fold form the contact map, which can be represented by placing the residues
horizontally and drawing an arc in the upper-half plane between two residues which form a

contact.
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Figu re: Protein fold in 2D square lattice (left) and its contact map (right).

e Goldman et al. (1999) showed that any protein contact map in the 2D square lattice can
be decomposed into (at most) two stacks (noncrossing diagram) and one queue (nonnesting
diagram).

e Istrail and Lam (2009) proposed the question in a review that “Are there generalizations

of the Schmitt-Waterman counting formulas to stacks (in full generality) and to queues?”

General stacks and DLU-paths

General stacks:
e m-regular: arc length > m.
® d-contact: vertex degree < d.
e S, 4(x): generating function for m-regular d-contact stacks.

A DLU-path P of length dn:

e P is a Motzkin path from (0,0) to (dn,0) with steps in
{D=(1,-1),L=(1,0),U = (1,1)}.

e |t can be split into n segments P = PP, - -- P,, such that each P; is of length d and in
the form of D L%US with a;+ b, +¢; = d, a;, b;,c; > 0for 1 < i < n.

o m-regular: no subpath UP'D with P' € {L°, ..., L(m=2)d}

e A-avoiding (pattern avoidance): there is no subpath UUP'DD with P’ being empty
or starting and ending at the same height h > 2 and never passing below the height h.

o G,,Efj(x): generating function for partial DLU-paths from (0, s) to (dn, t).

Bijection 7: General stacks «— DLU-paths

e 7). for each vertex i in a general stack S with Id(/) = a;, rd(i) = ¢;, it is mapped to a
segment P; = D3 [9=35 S of the lattice path P.

® Inverse map: let a; and ¢; be the numbers of D and U steps in the segment P;, which are
used as the multiplicities of / in the multisets V; and V5. From the two multisets
Vi ={1%,2% ... n?} and V, = {19 2% ... n“}, for the largest element i € V, find
J € Vi such that j is one of the smallest vertices in V; larger than i. Then add an arc
(7,j) to S and delete a single i, j from V,, V4, respectively.
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Figure: The 2-regular A-avoiding DLU-path constructed by the map 1 from the 2-regular 4-contact stack with
n=8,d=4and V; = {3,5,8%, V, = {12,325,6}.

Enumeration formulas for stacks

Is well known as the generating
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given by Waterman (1978) for the number of RNA secondary structures.
e d = 2: the generating function of the m-regular linear stacks satisfies
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with explicit coefficients ¢, i(x).
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Unified system of equations for general stacks

The generating function S,, 4(x) satisfies that S, 4(x¢) = G,i()”?(x), and G,ig’y(x) can be

determined by the following system of equations
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Generalized 2-Motzkin paths

For an m-regular linear stack Sy, 5 with nesting number at most h, the A-avoiding m-regular
generalized 2-Motzkin path P can be obtained by mapping each vertex in S, to a step in
P following the correspondence rules given in the table:

rd(/) =1 rd(/) =2 rd(/) =0 rd(/) =0 rd(/) =0 rd(i) =1
ld(i) =0 ld(i)=0 ld(i) =1 ld(i) =2 1d(i) =0 ld(i) =1
vertex e % [N \ - e
Ul = (1,1) | UR = (1,2) DM = (1,—1) DA = (1,—2)| H=(1,0) | H=(1,0)
step e / N \ - —
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From the above bijection and by using the First Passage Decomposition method of
the lattice paths, we obtain a difference equation satisfied by the generating functions for
the m-regular linear stacks with nesting number at most h.

Dyck paths with bounded height

Let Dy(x, y) be the generating function of Dyck paths with p peaks and height < h.
e |t satisfies the continued fraction:
1
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® When h > 1, Dy(x, y) can be written as a rational function of the Chebyshev
polynomials of the second kind

h>1,

Dy = 1.
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e |t leads to a bijection between Dyck paths of height < 2 with p + 1 peaks and
permutations avoiding patterns 123 and 132 with p descents.
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Conclusions

e We established a unified combinatorial framework for counting general stacks with arbitrary vertex degree.

e The framework also extends to lattice paths with bounded heights, with applications to nesting numbers in
biological structures.

e Extensions to more pattern avoiding lattice paths are possible.
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