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Variations of the partition function p(n) Restricted partitions of a rectangle
e [he A-partition function pA(n): the number of sequences ()\17 )\27 el )\r) e The restricted rectangular partition function pk’g(z, n): the number
satisfying of partitions of the rectangle 2 x ninto blocks 1 x 1,1 x2,...,1 X k and
n=A+X+-+A and AN, ...\ €A 2X2,2x3,...,2x¢

where A is a fixed multiset of positive integers

e A-partitions are considered the same if they differ only in the order of
their parts

Examples

- . Figure: All restricted rectangular partitions corresponding to py»(2,3) = 6.
e A = N: the partition function 2(2,3)

e A={m':i e Ny}: the m-ary partition function
e A={1,1,...,1,2,2,...,2 ...}: the k-colored partition function
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Fundamental properties of p (2, n)

k k
o A=1{1,2,2,3,3,3,4,4,4, 4, ...}: the plane partition function

Initial formulae for p; (2, n)

m— — k\ ¢ 1 2 3
HiNg Oor a rectangie 2
5 5 1 1 2 + Alyz(n) L A173 n)

n
L2 . 127 i 2 1I1
n n n n
e The rectangular partition function p(m, n): the number of tilings of 2 n+1 T+ A(n) gt o + 55+ Avs(n)
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the m X n rectangle into rectangular blocks with integer sides 3 TN 30N) 7§ T35 T T A32\N) 556 T 57 T 75 T 13,3
e Partitions of a rectangle are considered the same if they consist of Table: The formulae for py ¢(2, n) for 1 < k, ¢ < 3, where A; j(n) are quasi-polynomial parts.

the same multiset of blocks (their geometric arrangement does not matter)

o The first column is essential: px (2, n) = pr.e—1(2, n) + pr.e(2, n — ¢)

e The first row is related to A-partition functions: p; (2, n) = pg12. n(n)

e The entries could suggest that py ¢(2, n) is a quasi-polynomial

® The problem shows up for ps1(2, n), because of

Figure: All rectangular partitions corresponding to p(2,3) = 10.

Figure: A partition of the rectangle 2 X 12 into 4 blocks 1 X 3 and 3 blocks 1 x 4.

Basic properties of p(2, n)

Conjecture: For k > 1, the function py 1(2, n) is a quasi-polynomial in n for all

large n, with degree k — 1 and with a quasi-period dividing lem(1, 2, ..., k).
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* p(2:n) o+ Z )+ pli =1)) pln — i) Restricted m-ary partitions of a rectangle

e The function p(2, n) satlsfles Benford’s Law: for every string of digits f
In base b > 2 we have

e The restricted rectangular m-ary partition function b, 1(2 n): the
number of partltlons of the rectangle 2x ninto blocks 1 x1,1xm, ..., 1xm'

I {1 < n < x:p(2,n) in base b begins with f} e (f 1) — Toos( F and 2 X m,2x m*,...,2x m
Bl X = log,(f + 1) — log,(f) Theorem: For m > 3, i/, > 0 and n = Zt o c:mt, we have
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bi(2,n) = H (2¢; + 1) H c: +1) (mod m).
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The Hardy—Ramanujan theorem for rectangular partitions

o p(2,n) ~ TV 2 oTV2n f Questions, questions, questions...
32n7/4 "
e Is there an analogue of the Hardy-Ramanujan theorem for p(m, n)?
Figure: In (p(n)) & In (p(2, ) for n < 100. e What about other variations of the rectangular partition function?
_ o Are there intriguing divisibility properties of p(m, n), px«(m, n), b; j(m, n),...?
Ingredients of the proof: o Is the sequence (p(m, n)).", log-concave?

e The asymptotic of non-unitary partitions “p(n) — p(n — 1)"
e Erdos-Nicolas-Sarkozy theorem on partitions of n without a given subsum
* Hardy-Ramanujan asymptotic for p(n)
P Murty theorem on asym ptOtiC of the convolution of two power series [1] K. Gajdzica, R. Visser, and M. Zakarczemny, “Rectangle Partitions Generalizing Integer Partitions”, Ann.
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